Mathematical Tools /— B
APPROPRIATE CHOICE OF TOOL IS VERY IMPORTANT

(88}

1. FUNCTION
Fundimmanhmmmﬁonshhmhmnnwvariablus |nwmmonauuwumww

the other independent variable, for gxample :

e.g. The lemperalures at which water bolls depends on the elevalion above sea level (the bolling point

drops as you ascend). Here alevation above sea lavel is the independent & temperature is the
variable

WMMmucminmstmamﬂapands on the length of time the investment is heid. Here
lmamwwmm:mmuapemommph.
In each of the above example, value of one variable quantity (dependent yariabla'.l.whid‘wﬂﬂﬂuﬁcﬂl
y, depends on the value of another variable quantity (independent variable), which we might call x.
Sh'-caﬂ'rﬂv'aluunl'rhm-nﬂatntyﬁelﬁminadbﬂh&vﬂu&almﬂs&y“ﬂlvhaiumm:w
represent it mathematically as y = f(x).
Here | represents the function, x the independent variable &!F }E the dependent variable.

x X

Input Ouput

(Domain) (Range)

All possible vmuasm&uapandantmiahles{x]mmlladﬁnmﬂnuffumﬁm
Nlpa&dbinalumddapmmntmnaﬂa{v}mcmmwnnumlm.
Trﬁnhulatumhnfmaklmlulmammathalprodumanuutputvahﬂlminitsmnqammmm
fEﬂdH&ﬂkﬂﬂUﬂlﬂlltﬂlﬂhMﬂﬂlﬂjfﬂL
Whanwusmdrcirum.wnmualtycaﬂﬂ‘mmﬁandmamdiusr.Slnmmadapeiﬁﬂﬂmﬁlﬁfﬂ
saylhaihisalunmbndf.ﬁ.-itr}.maquaﬁunhum*tﬁamlemmllshuwmﬂnﬂawamﬂqm
{5ingha}nu1puiuahﬂnlHluraanhpnssiﬁuinpmwluaulm&mdiuﬁr.
A=r[r1-:r’.{l-lamlhamlunlmhﬁmwlﬂpwhbhmhﬁm!umiuﬂmaybedmbndnsmml
muitiply by =).
It r=1 A=xr 3§ it r=2A=4x ; if r=3 A=09n

Thesalotalmﬂlamm.tmmrm&mmmmmmmm. The set of all
output values of the area is the range of the function.

We usua!rdwmlﬁhneﬁnmhmulmummﬁ:

1, Ea_.-gMngammanmﬁv-iiu:mﬂasawmmhhymmmmdm
function.
2, E:.'nMngahnmﬂam:al(:};-t’-mmammswahdlhrﬂmhm.

wymmmm_mmmmmm
y = 8in X Here the function is sine, x Is the

Example 1. mﬁmvﬂahﬂ-{mwﬂﬂmmmwﬁmm- (4/3)=dr)* . The

volume of & ball of radius 3m is ?
Solution : V(3) =4/8a(3)" = 38am.

Example 2, wmm_.um_F"ﬂ:w.wﬂ_MMrmmm-Fm-ﬂr-!}+3..
uate F !_it_pp;muhﬂ.qu.nk;wﬂﬂ. '
each case we substiiute the input value for r into the formula for F =

S S S LR B
. i
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ONUME 17w - - T we
:mgsmm nas radius = 110 69

s Lo .nE_ 4
:':: ::;-m miuﬁawlaty;m values of the cosin® g

Solued Examples —

Example8.  Find the six trigonometric ratios

trom given figureé

Scanned with CamScanner



(b) If angle = tEn+1:| tﬂ] where n is an integer, MWMdl{hﬂ'}mtlJ

tmm&numwmﬁunummuﬁmmmmwmﬂﬂh

Degree |O| 80 37 45 53 60 | 90 | 120 | 135 |180
Radians| 0| =/6 |37x/180| =/4 53x/180 | =/3 |=n/2| 2n/3 3z/4 | =
ane lol vz | a/s |wdz| 4/5 |J8/2] 1 Jar2| w42

cos0 11143/2] a5 |uv2| 3/5 | w2 |0 |-V2 2] -1
tand [0]1/J3 | 3/4 1 4/3 | ¥3 | = |-¥3| -1 |0

vlhmdahﬂ.mamdunﬂlnrmmuundarﬂmm.

Solved Evamples

ample 10.  Evaluate sin 120°

. sin 120° = sin (80° + 80°) = c0s 30° = l‘g

Aliter sin 120° = sin (180° - 60°) = sin 60° = g
11.  Evaluate cos 135°
: m135“=ma{90°+45°]-—sm45-=__‘:§.

ample 12.  Evaluate cos 210°

J3

ution : mﬁ21ﬂ“-m-{1ﬂﬂ'+3ﬂ'}-ucnsaﬂ‘.__2,

ole13. Evaluate tan 210°
tan 210° = tan (180° + 30°) = tan 30° = %

GENEHAL THGDHBHETHIC FORMULAS :

3. sin20=2sinOcos ; ©cos20 -ms*ﬂ nhﬂl ama*a-1=1-m#n

cos? O = lﬁ?.ﬂ—ﬂ- o "glni&-1 ?2& : I
4. sine rule for trlangles 5. cosine rule for triangles
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Standard values
(1) Eﬂ‘-%md @ w-;-m (3) 60° = rad
(4) 90°= 2 rag (5) 120° = ? rad (6) 135° = rad
@ Isu'-:ﬁg-'.r:d (8) 180°= x rad (8) 360° = 25 rad
(Check these values yourself to see that they satisfy the conversion formuiae)

2.2. IlE&SUPEIlENT OF POSITIVE AND NEGATIVE ANGLES

b

¥+

ke =
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J(x+1) and JO/C ) -

1008 (), f(1), J09):
g T i
. N=0F+3= 3 i - .r = -
: ﬁ:it}-{‘;uﬂf“?"’“a*# « by the formula F(x) = x%. Evaluais &
i function F s defined for all red numbers :
Example 4. values 0, 2, +2andF2%2}2z - F[:+2}-f=+31
Solution : F(0) = o F(2) = - b
FiF(2)) = F(4) = 4* =16
¥ BETWEEN DE!
2 RGO UREMENT OF ANGLE AND RELATIONSHIP |
AR R but in calculus it is be
navigation easured in degrees,
e abd ﬂ g h?ﬁﬁ:;;rgy simplify later calculations.

— Solved EW i~ ——t

Solution :

Lst ACB be a central angle in a circle uéradius r, as in figure.
0
0,

MhmmﬂurDEWHWIHMusa&ﬂ-w — 9 AB
us

i r=1then 6 = AB r

The radian measure for a circle of unit radius of
circular arc AB. Since the circumference of Of angle ACB is defined to be the leng

: the circle is 2x and reac
circle is 360°, the relation between radians ang degrees is given h: mﬁmpﬁ: v
! I - Imn a

14
10egree » - (~ 0.02) radian

: e lﬂw:mmyw.%ﬁ |
Irﬂanﬁﬁ = 57 degrees iﬂﬂﬂianah;;g_ — -':_"_"i'ﬁ':'"
P L m.mmww‘;'

(W) Convert
)45+ 2 o5 oy § "2d10 degrees,
et 4 *, 180
_ {E:-E =0 L a0
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. DIFFERENTIATION | T
3 41 FINITE DIFFERENCE ot physical uaniy aprees
The finite difference between tWo V&L

low.
For example : be

ﬁi'ﬁ"ﬂn in thB lﬂbla
100

values of y is written s &Y 82

Ditterence in w0

¥ 50 o

ﬂ"'-r.'-'fl 50 - 1

sy el ry small difference. And this difference
I g very-ve

The infinitely small difference mean

represented by 'd notation instead of A, i

¢ the values of y is written as 'dy

For example infinitely small difference in
it y2 = 100 and yy = §9.99999989.......

3.2 DEFINITION OF DIFFERENTIATION
Another name for differentiation is derivative. Suppose y is a function of x or y = f(x).

7 d
Differentiation of y with respect to x is denoted by symbol ‘(x) where {’ (x) = E{-
dx is very small change in x and dy is corresponding very small change in y.

NOTATION : There are many ways 1o denote the derivative of a function y = f(x).
the most common notations are these

ST L ="
- 4
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Example 20.

Example 22.

4 E..-E“"‘-!
th}'}!:la'k E: d

(@) y=x*+ 12X

dy _d 0,920
o™ i . o 55

=4x%+ 12 4
o1 varm by 18T
Notice that we can ditferentiale any polynomial |

polynomials in above example.

RULE NO. 5 : THE PRODUCT RULE

Find the derivatives of y = % (x2+1) (@ +3).
From the product Rule with u = x* + 1 and v = x* + 3, we find
;x—[{:’ S0 +3)] = (2 + 1) (3x%) + (x2 + 3) (2%)

= 3! + 3x® + 2x* 4 6x = 5x' + 3% 4 6x.
Example can be done as well (perhaps better) by multiplying out the original expressic
differentiating the resulting polynomial. We now check : y = (x2+ 1) (x* + 3} = xﬁ+:c1+

9 _sxt 4 3524 6%
dx

This is in agreement with our first calculation. There are times, however, when the

must be used. In the following examples. We have only numerical values to work'lﬂi,

Let y = uv be the product of the functions u and v. Find
) Y'(2) if u(2) = 3, u(2) = =4, v(2):

From the Product Rule, in the form ' = (uv)’ = uv’ + vy,
we have y'(2) = u(2) v(2) + v(2) U’ (2) = (3) (2) + (1) (4)=6-4=2

RULE NO. 6 : THE QUOTIENT RULE
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Wamrm;
example 15. f lu tx’l x' ix’ ‘
f l 1 lhl 3:("4::"‘.,.

Example 16. (i) i[l] - E_ (x") - (=1)xd= - ':Ir
dxl x dx b

df 4 d e 2
(i) ‘&I(i’f]"'a (x3) = 43 = -
_d_ va _1 41 1
Example 17.  (8) - (x'*) = X = o
:

|
Function defined for x = 0 derivative defined only forx >0
1 =15

a oy
(b} mil )] 5:

l |
Function defined for x = 0 dmhaﬁvamtﬁe{kmauvﬂ

RULE NO. 3 : THE CONSTANT MULTIPLE RULE

Example 18, The derivative formula de-{ax’}- 3(2x) = Bx says that if we rescale the graph ot y = %2 by
mmmmy@aﬂnmwa.mmmmmmtmmmmmma.

Example 18. A uselul special case. The derivative of the negative of a differentiable function is the negative
of the function’s derivative. Rule 3 with ¢ = =1 gives.

d _d..... & - - 1i --—d-.
9 () = et == g O g

RULE NO. 4 : THE SUM RULE

Scanned with CamScanner



Mathematical Tools .
Tangent : A tangent is a siraig
the curve at a particular point -
case of secant which intersects the cu
overlapping poinis.

In the figure-1 shown, (f value ol Ax 18 gradualrl?
reduced then the point Q will move nearer 1o the point
P. If the process s continuously repeated (Figure - 2)
value of Ax will be infinitely small and secan! PQ to the

given curve will become a tangent at point P.

ht line, which touches

Tangent I5 & limiting
at two

- d—!“aﬂ“

i ap -‘*“[ﬂ] dx

Ax

we can say that differentiation of y with respect to x, L.,

at point P (x, y) or tand = :_i{me fig. 1, the

identical with the slope of secant PQ.)

average rate of change of y from x 10 X +

{Ej-!] is equal lo slope of he ta
dx

L& TN §

gure - 2

H
'RULES FOR DIFFERENTIATION
'RULE NO. 1: DERIVATIVE OF A CONSTANT

3.7
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3.5

Mathematical Tools

OF A LINE .
ﬁﬁhﬂdwﬁmaﬂaﬁaiimﬂmmw.w&:mmm
{ln“WmBhw&&aﬂwmnh-m
m;ﬂﬂamhpodﬁw lnFigura-Ealop&lsnaquliH
8 < 90° (1st quadrant) g - 90" (2nd quadrant)
¢ L3 va
Sy
J(’! e L \f“?{ » %
7
Figure - 1 Figure - 2
AVERAGE RATES OF CHANGE :

Given an arbitrary function y = f(x) we calculate the
Wmﬂdmdywﬂhmpmmxmma
imerval (x, x + Ax) by dividing the change in value of ¥,
L&.Ar-l{:+u}—.ﬂx}.b1rlm1gmuimml Ax over
which the change occurred.

The average rale ol change of y with respect 10 x over

the interval [x, x + 4x] % X o Ax L
ﬂ't{u-ru!-i[x] In triangle QPR tand = 2=
Fe &,
ammmav.ﬂ-—g%-mna-supemmnmm
Ax

mwmﬁ"ﬁ'jMnmauammfmmem;’%mmthmmmm
line joining P & Q.

THE DERIVATIVE OF A FUNCTION . p |
W know thal, average rate o Ghange ofy wrt xis 1 = TSR M the it of this
afio exists as Ax — 0, then it is called the derivative of given function f(x) and is denoled as
o fix AX) -

-
1(x)= % = l-r.»‘}_ g
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Mathematical Tools ~ =

Example 35. The position of a particle is given by the equation s = {1} = = 17 — 6IF + Bl whive | is moasu
seconds and s in maters. Hmmmminnmmnnwmummmu*

Solution : The velocity function Is the derivative of the position function : s=f{f)=12=-68 + 9

= ﬂl]-%-:}:ﬂnima-ﬂ

ds dv
The acceleration is the derivative ol the velocity function : a (1) = FE' 612

= a(4) = 6{4) - 12 = 12 m/s*

3.9 APPLICATION OF DERIVATIVES
381 DIFFERENTIATION AS A RATE OF CHANGE
i ﬁhmﬂmﬂ}*w{mmmf'

For examples :

M v= % this means velocity ' is rate of change of displacement 'x’ with respect o tim

(i) n-% this means acceleration ‘a’ is rate of change of velocity 'v' with respect to time

- (i) F-%’ this means force 'F is rate of change of mementum ‘p’ with respect fo time 't .

' {]vj T -%-ﬁ?m'mm?hmuﬂmmmmrmmt
time 1"

(v) Mnﬂ&ﬂamm?hmﬂmﬂwk‘ﬂ‘ﬂmmmMT

{vi) I = ﬂpﬁmmmmnwhmmuffhwnfm*q " with respect to time 't'

Example 36. The area A of a circle is related to its diameler by the equation A = En-. How fast is the
changing with respect to i-u:g.lmu&r when the diameter is 10 m ?

uummmumm&- .ém._
- dD

When D = ‘Iﬂmﬂm:ﬁ w'iﬁ-&mmn that a
. mmmnw Mntdmu about 52ADM? in the area ¢

Solution :
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Mathematical Tools
L X
Example 23. ﬁl‘ldﬂmdaliuaﬂwauiy-:lﬂ
jon :  We apply the Quotient Rulewithu =t~ tandv=f+1:
Solution dy (" +1).20-(t"-1).2 diu) wvidu/dt)-uldv/dl) ‘gt_‘+2t~21’+21 __a -
dt” (t* +1)° = Ei[v]_ v (& + 1) (F +1)

RULE NO. 7 : DERIVATIVE OF SINE FUNCTION

- o 8, 4 sinx Difference Rule
Example 24. (@) y=x"-sinx: = 2x r.b:{ )
| = 2X — CO8 X
(b) rtx"ﬂn::% -x‘% (sin x) + 2x sin x  Product Rule
= X% COS X + 2x Sin X

d
- ~sinx.1
() ,.E'_“_!. s iﬁm_ﬂ___ Quotient Rule
x  dx %

XCOSX =Sinx
e
RULE NO. 8 : DERIVATIVE OF COSINE FUNCTION

Example 25. (a) y=5x +cosXx

e A Sum Rule
i afﬁﬂ o (cosx)
=5=S0% 0
(b) r-mmﬁz )
| . . - -\.'l.. - ' ' e m
%’ -ﬂﬁlEW] +=ﬂﬂl-ﬂ#l!} & Product Rul
= sinx (- Sinx) + cosx (cos¥) = c0s*X = I X

E NO. 9 : DERIVATIVES OF OTHER TRIGONOMETRIC FUNCTIONS
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Mathematical Tools ,—
d .
L (Ax+B)

Example 33. Fhﬂﬂmvamddx[

Solution: | Heeu=Ax+8,= {EA
« 3 (Ax+ By =n(Ax + B . A

RULE NO. 13 : RADIAN VS. DEGH53

T

38 DOU FFERENTIATION ' .
St function, then its d&nvalhrﬂ f'is also E function, W 1" may have "
It fis differentiable on " is called the second ¢

" functi
of its own, dencted by (f* )" = £" . This new
because It is the derivative of the darivative of {. Using Leibniz notation, we write the

derivative ol y = f(x) as
i[!!] ~FY another notation is *(x) = Dz f(x) = D(x)

INTERPRETATION OF DOUBLE DERIVATIVE )
We can interpret {"(x) as the slope of the curve y = I'(x) at the point (x, T(x)). In other wa
the rate of change ol the slope of the ariginal curve y = 1(x). .
In general, we can interprat a second derivative as a rate of change of a rate of chang
most familiar example of this is acceleration, which we define as follows. '
I s = s{t) is the position function of an object that moves in a straight line, we known Ih
derivative represents the velocity v(1) of the object as a function of time : v(t) = s (1)
The instantaneous rate of change of velocity with respect to time is called the ace
of the object. Thus, the acceleration function is the derivative of the velogity
therefore the second derivative of the position function - a(t) = v'(t) = s"(1) or in Lel

_d'ﬂ 3

‘F-l-- 1

>

Examplo 4. I u@x@mwrm =
Solution : Uﬁﬁﬁlﬁlﬂﬂtﬂi%mh&mﬂx}-xi—(@;}
== X4$in X +008 X

TE“EL';:@“M i)t (x) -i (~x 8in x + cos x)

d
+COs x —

;rrf‘;.Ei..-}“}!'t" i 11] -lc.lhz —-»(-:} .|._,_ {m X)
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Mathematical Tools - -
gxample 30. We sometimes have 1o use the Chain Rule two or more times 1o find a derivative. Here is an
example. Find the derivative of g(t) = tan (5 - sin 21)

Solution : ﬂ‘ﬂ}-%{lﬂnlﬁrthat}

= §ec? (5~ sin 21:,% (5 —sin21)

Derivative of
tan u with
u=5s-snt

Derivative of

5-sinu

withu = 2t

- s0c?(5 —sin 21 . (0 - (cos 20 & (2

= sec? (5 5in 21) . (~ cos 21) . 2
= ~2{cos 21) sec? (5 - sin 21)

Example 31. (a) d;:“ﬂﬂu%“_ﬂa{hm u=1-xtandn=1/4

Function defined
oenl-1,1]

PP =
2“‘- II}HH
\

durivative delined
ﬂﬂ}'ﬂn{-‘h‘l]
d d
— - —_— = . = 2‘
{b}dxsinﬂx :maxdx:z:} c0s 2x . 2= 2 ¢08
(c) %Mﬁntﬂﬂ}

= A cos (mt +n+]‘-§l* (oot + ¢) = A cos (ol + ¢). m. = A @ oS (al + §)

RULE NO. 12 : POWER CHAIN RULE

Example 32.  (a) = sin’ x = 5 sin*X - (6in ) =5 sin‘ x cos x

(®) dix (2% 4+ 1)5 = —3(2x + 1 % (x4 1) = =3(@x + 1) (2) == 6 (2 + 1]+

i 1 .—d.-.- = =-— - - -9—-— - =— 3
© o (5 )= -2t = 13x-2 (x-2) 2 =1 (ax-2140) T

-2
In part (c) we could also have found the derivative with the Quotient Rule.
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Mathematical Tools

Example 26. Finddy/dx it y =1an x. q [msx}
{s}nxl*ﬂif_g_:______,_
in X
Solution: O [m,}__q_[_s_n_}__ﬂ__ —
dx dx | cos x e
m:msx-smx[—nh:] ﬂms X+ smj ;—;_—; =
cos" X cos” X co
3 — cosec” X

Example 27. (a) —131+mu} 3+_{m|x]_
dr . COSEC X CO
[msacx] =2{-4:nsm::mot:)--2

o) — [;ﬂf—x] == (2cosec) =

RULE NO. 10 : DEHI\\'M'NE OF Loammu AND EKPﬂNE

NTIAL FU

y=e". loge(x)
al
d_,’it'] log (x) +. —llﬂ-ﬂrlxl]ﬂ“: % =" loge (x) + —

RULE NO. 11 : CHAIN RULE OR “DUTS!DE IHSIDE" RULE

| r ™
|- e -..1,.|- R

ARG
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Example 37.

jons revealed -;;-n;;“' it has fallen. We

vestigat
Experimental and theoretical in i3
mtmmﬁmampmporﬁmalmthuqmrﬂf

ched e t (seconds) . S (meters)

» ® 0
t=0 o Fs
— 10
— 15
- —20
tag - O e
=30
—-35-
n—-m'
=3 Q =45

Aball bearing falling fromrest -

|
= %gt', LT ., S
where s is distance accelecation due to Earth's gravity. This equation HESES
& plad Bt odels the fall of dense, heavy obj

vacuum, where there is no air resistance, but if closely m
in air. Figure shows the free fall of a heavy ball bearing rele
(a) How many meters does the ball fall in the first 2 sec?
(b) What is its velocity, speed, and acceleration then? B
(a) Thm—!aﬂmhs_utﬂﬁmmﬁmzm'ﬂﬁhﬂlfﬂﬂm"‘-ﬂﬁﬂ Al

: ris , d
(b) Mﬂﬂ?ﬂmatﬂiﬂcﬂyisdamaﬁmddﬁ_plammam:v{ths{!F 4 (4.9¢) =88 1L
At t = 2, the velocity Iﬁ-\\‘[ﬂj'-r 19.6 m/sec in 'lhE downward (increasing s) direct on. Th
spoedﬂ[-EhM-tvﬂ]-iﬂ.Enﬂsaﬂ. .E= %-9.5'”32

ased from rest at time t = 0 sec.

3.9.2

MAXIMA AND MINIMA
Suppose a quantity y depends on another quantity x in a manner shown in the figun
becomes maximum at x: and minimum at xz. At these points the tangent to the curve n

to the x-axis and hence s slope is tan 6 = 0. Thus, at a maximum or a minimum, siope = S =0
¢ ; d
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Mathematical Tools

@ step2: Tofind :%

@™ Step3: How the variables are related : s% = X" +¥*
(The equation s = \X* +¥* would also work.)

di.t — + 2y =¥
™ Step4: Differentiate with respectto t. 28— =245V gy

20, and solve for dw/dt.

_d;:_ . Mn?ﬂ I

dx
L (D.ﬂ% +{U.B",I[-=ﬂ'l}] =20=0.8 o 96 = dt 0.8

20= Toer + 067

hl_"
1

Al the moment in question, the car's speed is 70 mph.

@ Siep5: Evaluate, with x = 0.8, y = 0.6, dy/dt = — 60, dsidt =

INTEGRATION _ _

in mathematics. for each mathematical operation, there has been defined an inverse uparﬁthn. 1

For example - Inverse operation of addition is subtruction, inverse operation of mult is dh

and inverse operation of sguare is square rool. Similarly there is a Inverse operation for differén

which is known as integration

4.1 ANTIDERIVATIVES OR INDEFINITE INTEGRALS
Definitions :

A function FE:] is an antiderivative of a function 1(x) if F'(x) = f{x) for all x in the domain of |
The set of all antiderivatives of f is the indefinite integral of f with respect to x, denoted by
The function s the integrand, ¢

-

X is the variable of integration

oSS “"“‘“-I f (x)dx i

Ny’
Integral of {

The symbol [ is an integral sign. The function 1 is the integrand of the i

ot € integral and
For example 1(x) = x*then I'(x) = 3x2
So the integral of 3x% is x°
Simitarly if #{x) = x + 4 then f'(x) = 8x?
So the integral of 3x?is x* + 4
there for general Integral of 3x* s x* + ¢ where ¢ is a constant
u@:mmanl-umﬁmi.mauMunwumuf .
indicate this in integral notation in the following way - f differ from F by a consts
[1x)x = F(x) +C. i
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E'Stup‘l:

F Step 2:
@& Step 3:
& Step 4:
& Step5:

Example 41.

Solution :

Draw a picture and name the variables and constants (Figure). The variables in the picture &
B = the angle the range finder makes with the ground (radians).

y = the height of the balloon (feet).

We let t represent time and assume 0 and y to be differentiable functions of L

The one constant in the picture is the distance from the range finder to the lift-off point (500 |
There is no need to give il a special symbal s.

Write down the additional numerical information. %?- = 0.14 rad/min when 0 = = / 4.

Wﬂtadnhnwhaiwamu&adtnlind.WawantdyfdtwhanB-ﬁ-i.
wmammhnHﬂMMmﬁEHMyaMH.-mnﬂ. _555 or y=>500tan8

Dﬂmwmmmmmacmmnma The result tells how dy/dt (which we war

: -hmhwdamm“nnw}

L A
Eﬂﬂn:*ﬂa

Tdt

Evaluate with 6 = x/4 and dé/dt = 0.14 to find dy/dt.
2
%gﬁm(ﬁ] (0.14) = (1000) (0.14) = 140 :m§~= V2)
At the moment in question, the balloon Is rising at the rate of 140 ft./min.

A police cruiser, approaching a right-angled intersection from the north, is chasing a speedir
car that has tumed the corner and is now moving straight east. When the Cruiser is 0.6 r
north of the Intersection and the car is 0.8 mi to the east, the police determine with radar th;
the distance between ‘and the car is increasing at 20 mph. If the cruiser is maving at €
mph at the instant of measurement, what is the speed of the car?

We carry out the steps of the basic strategy.
TR Y

o200 | o LUA N
. B 3

L |
F1L

e
——

Scanned with CamScanner



Hhmﬁmmﬁﬂﬁmh,-
When t=0 ; x=3
f=m | X=%=

So, the maximum position co-ordinate does

not exist.

Graph : ‘
X ;
(0,3)
1 =, . .-
-1.05 .
Putting t = 0.9 in the equation X = 5(0.9)° - 9(0.9) + 3=-1.05

NOTE : If the coefficient of t? is positive, the curve will open upside.

is 7 If so, where 7

' n -
Example 39. Does the curve y = x* — 2x* + 2 have any horizontal tange L i To find these points. We

Solution : The horizontal tangents, If any, occur where the slope dy/dx is
LY _ 9 e oy 2) =40 -4
1 B mmm, 4 = (x X2 + 2]

2. Solve the equation : ;ﬂ =0forx:4x3-dx=0
X

dx(x2-1)=0 ; x=0,1- i
The curve y = x* — 2x% + 2 has horizontal tang?nlsau:ﬂJ and —1. The co
on the curve are (0, 2) (1, 1) and [-T.yﬂ‘Saahgure.

y=x'-2¢ +2

ko)

1
=1.1) (1.1)

.9
Example 40. A hot air balloon rising siraight up from a level ield s tracked by a range finder 50¢

 lift-off point. At the the range finder’ @ finder 500 ft frc
the rate of 0.14 ”“""ﬁl‘-m%m ’mﬁ"fm‘“ﬂ”ﬁmmw “reas
Solution:  We answer the question in six steps, :

- X

.
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m, :m-ﬂa-m.‘am.

ol For manima, il:mmuﬂulhpu

d
The quantity — g [ﬂ}hmamian!chanaamﬂualupu "““ﬂm“u:!'
Omﬂﬂmuhrnu:lnum ta}d" {b}%cu

. MINIMA
’Eiﬂllqu'p' atnmlnimumuuainpaﬁangﬁfmmnagaﬂvatupmiﬁva Hence with the increases
_olx. !"ﬂﬁm;blrnrmmmntmnmmamtanfnhanganlilopewmimpadtH:th
9 (dy
mm(m]’n‘ |
i . oyt T ;

. A, -
-\\ :;{ i

3'{'

X

' ¢ anmmlmn uxhumnhpn

" Conditions for minima are @ & 0 {b}é >0 E
Quite often it is known from the mm w-uu nt 1:,1,,-,:';&]5.';;;.:.5.'.-.:..7..
minimum. ﬂnhﬂm%mg nbeomitted. '_-..I

[T .
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Example 42.  Evaluate j 2x dx.
an antiderivative of 2x

Solution : jam:.:’(c
the arbitrary constant
The formula ® + C generates all the antiderivatives of the function 2x. The function x® + 1, x* - x,

andx® + ¥2 are all antiderivatives of the function 2x, as you can check by differentiation, Many of
the indefinite Integrals needed in scientific work are found by reversing derivative formulas.

3 4.2 INTEGRAL FORMULAS
Iindefinite Integral Reversed derivative formula
1. _Im--E}*G..nt—l,nmtbnai %[E]-!ﬂ
Idl- jﬂl-x-rc (special case) -:—x{x}ﬂ

2 .jﬂqh+m-ﬂ#ﬂ+c %[-mikx)-slnh

3. fmb:h=ﬂ?'+c %[’i:“]-mh

4. [sectxdx=tanx+C %mnx-sen*x

5. Joosectxdx =—cotx+C = (0ot %) = cosectx

6. [secxtanxdx=secx+C %m:-m:m:

7. Imaacxmt:d::-'rmsacx+c %{umx)-mxmu

-"_1 = 1 i
(ax+b) a fmiax+b)+C

Sotved Examples

Example 43. Examples based on above formulas :

(a) J:'dx.-%:+c Formula 1 withn =5
= [x " idx=20"*+C=2 c - -
b) [Jedx= fxidx=2xt+Cm2K+ Formula 1 with n = 172
(@ fsin2xax =~ 40 Formula 2 with k = 2
x e e X
(d) Imim - I“W"ﬁ&aﬁ*c’E*E*G Formula 3 with k = 172

=
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Example 44. Right Ixuusxdx-ﬂl““m”c .

3 aﬂd:
Reason: The derivative of the right-hand sida s 109 g ' cos X.
. xmsu-sinl‘f'["“*nsn

Check : % (x sin x + cos x + C)

' dx = % Sin X + C | 3
:m x.'[mT;'E derivative of the right-hand side is not the integra
eason :

Check : i{xsmaul:}-xmsx+sln:+ﬂncﬂaxr
o

4.3 RULES FOR INTEGRATION
RULE NO. 1 : CONSTANT MULTIPLE HU

Rewriting the constant of integration | Ssecxtanxdx =5 j sec x tan xd ¥

Fuie 1
= 5 (sec x + C) Formula 6
=5secx +5C First torm
=5secx+C’ Shortar form, where C' [s 5C
=5secx+C Usual form-no prime. Since 5 times an

arbitrary constant is an arbltrary constant, we rename C'.
What about all the different forms in example? Each one gives all the antiderivatives of 1 (x}=
sec x tan x. 8o each answer is correct. But the least complicated of the three, and the us

a : ig =

| 5secxtanxdx=5secx+C.
Just as the Sum and Difference Rule for differentiation enables us to differe ; ]
term by term, the Sum and Dilference Rule for integration enables ys k.
term by term. When we do so, we combine the individua)
m constant at the end,

RULE NO. 2 : SUM AND DIFFERENCE RULE

L]

tﬂil“ﬁﬂl’ﬂla =3 Ao T

= ']‘il
constants of integration into a sing
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=
5.4 ADDITION OF VECT ORS
Addition of vectors is done by paralielogram

resultant (L.e., vector sum of A and B)
R« JA" +B° + 2ABooso : Lo
Tha direction of resultant vector from R Is ‘A giveh by

MM s Bsint
ange PN PQ+ON A+Boost y
+f Bsinb ]
*=i (Amme

m}whﬂmum:fummvmm A and E*“f”"f'?"
vectors paraliel 1o itself until the tail of B isat the head of A.'The sum A + B r
A drawn from the tail of Ato the head of B, Le., A+B= R.As the figure formed i
riangle, this method is called 'triangle method' of addition of vectors.. .. .. = = = 2%
If the ‘riangle method is exiended to add any number of vectors in one.operator
shown. Then the figure lormed is a polygon and hence the name Polygon Law of a
of vectors is given to such type of addition.

o f T

I+E= E=I+E+E+E+E
IMPORTANT POINTS : -
@ To a veclor only a vecior of same type can be added that represents the same phy
quantity and the resultant is a vector of the same type. ' '
| ' y =] ]
@ As R=[A*+B?+2ABcosi]'” soR will be maximum when, cos 6 = max = 1, i.e.. @ = 0
vectors are like or parallel and Bmas = A + B. :
@™ The resultant will be minimum if, cos 6 = min = -1, .., 0 = 180%, Le., vectors are antioan
ﬂiﬂﬂuﬁhnﬁﬁa. -
@ If the vectors A and B are orthogonal, l.e., 6 = 804, R = YA® +B°
ﬁ:wm?mmﬁ_m_ﬂﬁmthMﬂhwmmhmanymmw
{ +H]dapﬁndingunmuanuhmﬂ1mwmemaﬂmmmsuﬂamd
B ﬂ“lu1w = - o .,..-r.
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Example 46.  Term-by—term integration. Evaluate - | (x*~2x+8)dx.

Solution : If we recognize that (x? /3) — x? + 5x is an antiderivative of x* — 2x + 5, we can evaluate (he
integral as
-d'. alive arbitrary constant

(x' - 2x + S)dx = {- -x' + 5K+
if we do not recognize the antiderivative right away, we can generate it term by term with the
sum and difference Rule:
- |
Jo ~2x+ Sy m fifaix - foxcix + fﬁu;.%+c1_;=+c—.~+5nm

This formula is more complicated than it needs to be, I we combine C1, C2 and Ca into a single

constant C = C, + Cz + Ca, the formula simpilfies to
i;--—l*-rﬁ::-fc

and still gives all the antiderivatives there are. For this reason we recommend thal you go right
ta the final form even if you elect to integrate term by term. Write

|
f[!’ = 2% 4+ S)dx = I:'\d:— Iﬂxdu 4 I5dx -%- - %% + Bx + C.
Find the simplest antiderivative you can lor each part add the constant at the end.

Example 47, mmmmmﬂmﬂﬂﬂﬂﬂﬂmvmimwﬂﬂmmmm
mmmmwmmmmlm The integral formulas for sin® x and cos® x

"“"“"”. .",‘“PE'““”"'T .
' .C082X 1-c0s2x
(a) ]'ai'l’w- = > dx sin®x = >

o 1.{1] sin2x +Cn

X _sin2x
2 \2) 2 2

; 1+COS 2% 1+c082%
(b) [cos®xdim [——5—dxcostx= ==

- Xy 3 SIN2X | & Ag i part (a), but with 2 sign change

Example 48. m;@ymmuwmwm The acceleration of gravity near

ﬂﬁﬂﬂﬂﬁlﬂlﬂﬁtﬂlhﬂ.ﬁw This means that the velocity v of a body falling freely in &
dv :
vacuum changes at the rate of E-um.ﬂmmnmmmmuﬂn%

veloly be t seconds after i released? |
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example 57.  Three vectors A, B, & are shown in the figure. Find angle between () A and B, (i) B and

C. (iil) A and €
. =
_...w —-‘5=
B c

1'/
a¢*

Solution : To find the angle between two vectors we connect the tails of the two vectors. We can shift 8
such thattails ol A, B and ¢ are connected as shown in figure.

Now we can easily observe that angle between A and B is 60°, B and C Is 15" and between

Aand G is 75%.

Example 58. A unit vector along East Is defined as i. A force of 10° dynes acts west wards. Represent the
force interms of .

Solution : F =—10%i dynes

53 MULTIPLICATION OF A VECTOR BY A SCALAR
Multiplying a vector A with a positive number 2 gives a vector B (= A ) whose magnitude is
memzummmmammmmt A . Muliplying a vector A by a

Example 59.
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Solved Examples
gxample 56. Using an area to evaluate a definite integral

Splution : We skeich the region under the curve y = X, 8
M*Dlﬂfh—ﬂwhnunmh.Tthaluan'
L)

I.w ﬂ..:a{b.

< x <b (figure) &
the integral is

nd see that it is & rapezoid with
the area of this »

5. VECTOR
Inmmmmmwumlmtiw
quantifiés has magnlude.

Magnitude of a physical quantity means product of numerical value and unit of that physical quantity.
For example mass =4 kg
Magniu.idaulnmss-4hg;pﬂurﬂnfmaﬁ-ka
E:amphnlnww:mmm.dmam.
mmuﬂmm.mmmmmmwsﬂmmmum
5.1 D-EFIHI'I'IQHQF"?E('}TDH
It a physical quantity in addition to magnitude -
(a) has a specified direction.
(b) It should obey commutative law of additions A+B=B+A
(c) m.hwﬂwmmmmmmmnummuw.u
wn-ﬂn-mmhmmmmmmmmﬁw.
Hamﬁ:@lm_h'awnmndk&cﬂmuﬂmamnmmafumymum,m_

HaMW_hﬂlm.ﬁmmWnMﬁhevm_w;w'm

mnﬂnﬂ'q-mﬂ_mmmhnmmmmmm“m

mmwmpf-aw-timmmmmutawmmummmima_

Example of vector quantity : Displacement, valocily, acceleration, force eic.

of vector :
napumuﬂn;lml I.hzwwgﬂmWMMMﬁw# -

unaissnalmandutrm’csmm.Eachmlar

e ‘J

i _-..-':_'?.1‘. Rt I

i s it b
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IMPORTANT POINTS : hange (see Figure)
& u:":muwm””"“”fﬂzm 7

9

9

B BB v
3k parsiet o %%

A = B Rotation of a vectar .
of 2x (of 360%) It changes (see Figure). change  (thougk
HmLHMhWMmeWMmt :
components may change). (see Figure).

5!
4
ﬂl
0 2 )
g A
Tﬂnm“nﬂdwﬁuwimagnﬂudasanddhmﬁnnsmsama.w hey repre
values of same physical quantity. y

-

Angle between two veclors means smaller of the two angles batween the m' -1_".'
are placed tail 1o tail by displacing either of the vectors parallel to itself (i.e., 0 <8 < x),

LA

UNIT VECTOR
Unit vector is a vector which has a unit magnitude and points in a particular direction.

vector (A ) can be written as the product of unit vector (A | | RE.. .
o '. (A} in that direction and magnitug
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nple 54. jﬂ'l‘lmsldt - Iu“ti.l Letu=sinl
to U
£ 4o Integrate with respect
" M ' l-.l:_ -
: ﬂ;nmu‘ | b snl::tH u ds finding & sut:tstltuﬁd?n -
integral o Y he first SU ution
i “ﬂ'ﬂmﬂﬂﬂl "::’: E::to one that “l-m:n e
“ﬂ'ﬂ integrand h:flhaf with an additiona! bstit
to simplity
r ATION WITH LIMITS
DEFINITE INTEGRATION OR INTEGR ;
r The function is the integranad.
« is the variable of integration:

Upper Imﬂﬂhingmhom\\

lﬂhﬂfﬂ“*ﬂ"'--...l ?(x)dx
Lower limit of integration -

Integral of { from @ to b

7

Jtxiax = [gbx)] | =oib) - ofe)
where g(x) is the antiderivative ol 1{x) i.e. g'(x) = f(x)

——— Solved Examples

Example 55. _['rad: = Bj;dx-a[x]_', = 3[4 - (-1)] = (3) (5) = 15

j:"shw =[~max];" = vnos[g-]+m$[l}:- ==041=1

44  APPLICATION OF DEFINITE INTEGRAL : CALCULATION OF ARE
CURVE 1

From graph shown In figure if we divide whole area in |

2 gl bal nfinitel : o
a strip at x position of dx ﬁh. Small area of this strip dA 'nﬂirx?r:fil strips of dx width
AR S

So, the total area between the curve and x-axig
= sum of area of al stips = fI(xkix

Let f(x) = 0 be
x-axis Is Contuous on fa, bl, The are of
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r.‘ .'. Tgﬂ;_f 3 . .
Evaluate [fi+y" +2ydy= fu'"du.Letu=1.+y, du=2ydy.

e
W2 Integrate, using rule no. 3 with n = 172.

-:;_u“+¢ | WM

= glhr"l"'m Replace uby 1 + y*.

Evaluate [cos (70.+.5)d0 = foosu-2du Letu=70+5, du =708, (1/7) du = o0
..}jouium _tr_”';ll'ilﬁ‘flpmqn.ﬂfrﬁm.ﬂumw-almnuwlnsmﬁmdfmm.
'%ﬁﬂ"m Integrate with respect to u.

'%ﬁ" (70 + 5) + C Replace u by 70 + 5.,

' Evitiate fitsinte)'dk  faint <+t o

it }dnuhm Lmu-ﬂ du = 3x? dx, (1/3) du = x2dx.

| fﬂ'lud:

..5 (~cosu) +C - Integrate with respect to u.

’ r.I'IJ T

--Joostdy4C Poplecouty x.

B or
fpgtiniee BN oo

"-jm'ti:%;"{&u ' Letu= 20, du =240, d8 = (1/2)du.

!
=5 IIBG'INU

= %m usC. Integrate, using eq. (4).
- %unm-aaﬁ ‘Replace u by 26.

Check: —

T ) LA S - . _l. d

g Gl Toog O G Tous, Acth .52 P1A. N Cy U, Befums P Ko Tl
= ‘r_ g < —=-"_f -"'r-\--- -w...-....-,..-...,‘,.,.__
tomarrow 0 258 B | O : VOJ02R.2007PLC0MG
— S e ~——
_JNENNS
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Mathematical Tools -
Solution : In mathematical terms, we want 1o s0IV@
as ) [{}I" = n.:

The differential condition : %.a.a .
e Pl corciion £ .0, 0 whe t = 0 ( 80D8VIBISE 25 L\ L iog with respect
We first solve the differential equation by |

o =908 The differential gquation
a .

F??:' dt = [9.8dt  Integrate with respect to L

v+Ci=98t+C: Integrals evaluated i
v=981+C. Constants combined as e nds into the fall Is 9.8t + C m/se
This last equation tells us that the body's velocity £ seCON% 5 '
For value of C : What value? We find out from the initial condition :
v=98t+C
0=98(0)+C v 0)=0
C=0.
Conclusion : The body's velacity t seconds into the fall is
v = 9.8t + 0 = 9.81 m/sec.
The indefinite integral F(x) + C of the function f(x) gives the.general solution.y = F( I
differential equation dy/dx = f(x). The general solution gives all the solutions of the'e
(there are infinitely many, one for each value of C). We solve the ditferential equation by
its general Solution : We then solve the initial value problem by finding the particular’
Ihat satisfies the initial condition y(xo) = ys (y has the value y= when x = Xa).

RULE NO. 3 : RULE OF SUBSTITUTION

"

——— Solued Evamples

Example 49. Evaluate [(x+2)%dx.

We can put the integral in the form  [u"dy

by substituling u=x+2, du= d
“Ix"z}"a{x"z}-d"ﬂmum_

Then [(x+2fdx= J'u'-’du_u_-x-bz.m.m

'-‘%'F@? Integrate, using rule no, 5 With n = 5.

- E:,E@.-ru. Replace u by x 4 2,

J II-_---

=
)| =
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- &Mﬁmwnwrummnmmwﬂww ie.,
1*5- i-l-{-—ﬂ]
{!} Hmmihma-u mumutnmuunm A with reverse of B

[A-B] = [(A¥ + (B9 +mm:1w o))"

1A-8] = JA+ " - 2ABoos0
(b) Change in & vector physical quantity means subtraction of initial vector from the final

ekl o

Example 0. _Find the resultant of two forces each having magnitude Fo, and angle between them is 6.
Solution - # ‘f cos B

= 2F] (1 +cos 0) =2F] (1+2c0s? - ~1) =2F] x 2cos? =
Example 61.  Two non ze 'wimﬁnmmlmm.m B |. Find angle between A and B ?
Solution : | A+ B|=| | = A®+B?+2ABcos0=A?+B?-2ABcost

= ﬂﬂ#ﬂr-ﬂ = cos8=0 = H-E
Example 62. mamﬁﬁ,ﬂﬁam H ;.,j. imnhpurpuﬂmuma Magnitude of Resultant s

Solution : : 'p i mmmm

A

Example 63,
Solution :
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ne with different S
u.whhmymmnmmi"ﬂp““ 'I:\

another A can
directions mmlmtheumuplanﬂ
b!wuﬁ:sb:mmmmmm . one obtained BY  ~—__o

multiplying @ by a real number and the other obtained by a
thamﬂmmﬂmnw

A bers) . ]
A =id +pub (where 3 and y are real num 38

Wa say that ﬂhuhmwmdmmmmmpammmnrsnamew‘q.a_h;n pb
Aa and pb along a and b tmpe:ﬁﬂljr Hence one can remtvas:mimm‘
WMMasﬂmtﬂam an:helhrealnetnm

Resolution along rectangular component :
It is convenient to resolve & general vector along axes of 2 '“"‘3"9”'” m"'m"m

vectors of unit magnitude, Mwecallasumtwctnrs i ik meur&tw

z-gxis &s shown in figure below: ’

mmmu-m }
Consider a vector A that lies in xy plane as shown in ﬁﬂurﬂ.
A=A +A,

A=Al A=Aj

= A=AT+A]

The quantities A« and Ay are called x- and y-components of
the vector.

Ax i Itselt not a vector but A1 isavectorand sois A |

-

Fecswmsmms 5w

w

A=Al
A,-ﬁmaﬂ
Its clear from above equation that a component of a ve
depending on the value of . Mmh_cﬂnb!ﬁm
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99 99 9

— Solved Evamples

i -milx-‘hll--'l-lﬂ'.
Sﬂﬂprmnutnlmmmlhumnmwnm@nuﬂ

are paraliel = [A.B Jou = AB Koo oo SoDe
ulmnwmmmﬂunism veclors
Hﬂ?mmmmﬂumhymnummdusnlldutpmduﬂa!ﬂhﬁlﬂﬂh!

ljF-i-ﬂ-Mmﬂ-Aﬁmﬂ'-Al - .ﬁ-'\lﬁhﬁ

ﬁl T 1 K '-
:T::T:mu'-l o dofella Lj=kk=1
hmdmmnmi.]mi:
ABw(lAs JA+ RA) (1Bt |Bys kBa)m[ABet

o i. i_&-ﬁ-i -'U
,A,B,-t-ﬁzﬂl]

aach o g '._:
.uwp_.,“““wﬂ_.;_g,_“mwndmam ther. Fin

Example 70.
the value of a?
Solution : If vectors P and Q are perpendicular .
- P.Q=0 = {ai+a|+3k}{ai-2]—h:ﬂ-ﬂ =-at= "_—’:33 0
- a'-Sa+a-3=0 = al@-3)+1(@a-3)=0 = A==
Example 71. mmmmahaimh]?
Solution : demaumuyiwmmwt
(3l + 4] +{I+]-_
Example 72. mmhmi-si +4]and B=12i +5] ?
(31 +4]) (121 +5])
Solution : We havae cos = ﬁﬂ Fiﬁ
_36420 56 5 _onet 56
wP= Sig e 85
(1)
5.6.2 VECTOR PRODUCT

mwmmmmmﬁwmm A and B, dencted as A '_":_..'
Across B)isdelinedas: A x B=ABsin0 fi. J
Here 6 is the angle betwean the vectors and the direction i s given by the right-hand-thumb rul
Right-Hand-Thumb Rule:

To find the direction of fi, draw the two vectors A and B with both the tails ¢
place your stretched right palm perpendicular to the plane of Aand B mmam
[hgerumnhngﬂwwuhhmﬂ%j&gﬁﬁnmmdmﬂhnnhwmﬂﬁﬂ

s V=AxB
a>
-
n&
—
B
2]
—

The direction of the thumb gives the direction of fi.
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Example 66.

Solution :

Example 67.
Solution :

Example 68.

A=i+2] — 3k, when a vector B i§
value of B ? Also find its magnitude

A+B=l . Tl -
i ‘3&}--zi+3i=|EI-W viE

Bai-A=i-(i+2]~-

respectively, ujrapﬂah'ﬁf A.B and G are
and. ] are unit vectors along East and
|. Also find magnitude and

Vector A, B and G have magnitude 5,52 and 5
wowards sast, North-East and North respectively. i

North respectively. EwmnmnﬁJ*G'““‘“““i
direction of the resultant. | Lol

A =5l G =5] KA s 4 B
B =52 cosd5] +53 sin45] =51 +5] BT
.ﬁ+E*E-Ei+5i+5]+5]-1ﬂi+1ﬂi i&l

| A+ ﬁ+ﬁ|-Jﬁnr+uu}’ =1042 e ; . y
ol It i ' [ . 1

ma-{%-" — 0 = 45" from Easl

(1]

You walk 3 Km west and then 4 Km headed 60° north of east. Find your resultant displacemant
(a) graphically and (b) using vector components.

Picture the Problem : The triangle formed by the three vectors is not a right triangle, so i
magnitudes of the vectors are not related by the Pythagoras thegrem. We find the resultar
graphically by drawing each of the displacemenis to scale and measuring the resu

N

(n}rrwﬁnwﬂmﬁmﬁaﬁmantvmamL second Itllqlt Ve
mamuhn:;a;‘t;rnﬁla‘m S.Eunlnhn?%mﬂmm une4ml b
displacemen angle 6 made between WM

" mmmthmbammuadmamm :‘i:abmﬂ?.'.t'

) 1. Let A be the first displacement and and choose easterly dir
Compute Axand Ay, Ay =-3, Ay=D he b2 ia e

2. Similarly, compute the components of the =
second displacement o
By=4sin60°= 23 ' EJ--M

hrhﬂh.ﬁu ==
‘I'm;,,.q.,.. rm

i | E-mall - ¢

o 'L.,,a

= U _..,q__ -
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mmﬂ (&) * Integration of "AHTi -1l : INTEGRATION

Find integrals of given functions VR,

ma SR e JL:}-
7 o i .

o2 I s © o A4S secx

e Cﬁfzx " A6 secxtanx

Al e

Section (B) : Integration by substitution method
Integrate by using “ww in bracket,

1. [x mn{a:*wm;.-ml . B2m [sec2itan2t di (use,u=2)

m:egumbrwlhil:alﬂum 5

B-3.3 TT)"“ B4. [sin(82-5)dz
section (C) : Definite integration
; 4 % Lt s o ,-';,;h: _ _ -
= E Edﬁ I c-2. 5Ir.-.lr e -
r IRENTTES W T =
Ry U e i e e - e |

C3a }ﬂ‘ dx -f ‘L—_“ | : P -y

Section (D) : Calculatio
Use a definite integral |

D-1. Y-E‘

.'r.' e 2
Use a definite (0. =
D-3. ynaimt:.
Objective Question: -

D'E,h I.- _-: .' .' 1 ; N .
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Mathematical Tools /-

Example73. A is Eastwards and B s ’
Solution : wmmﬂmmumbnunmwmﬂ 5“"’“"‘“"“""'

A "
et 1A b B A8
Soltion: A -B=|AsB[ABoos0=ABsinG 1anf= N

) : each other al an angle . Find a.unit vector e
Example 75. va‘dﬂlﬁﬂﬂaﬂmmm
perpendicular 1o both Aand B : ool -
o - K mnisparwﬁ@'“””""“’“a“" N
Solution : A x B=ABsinbn ”“'mﬁn 1 o
Example78  Find A x Bif A= 1 -2] +4k and B =21 = j+ 2K.
o j +5k
Soltion: A xB=[t 2 4=T(-4=4)-] (@-12)+ K1) =101+
-1
Problem 1.  Find the value of
| : t5=9)
(a) sin (-0) (b) cos (- 6) (c) tan (- 6) (d) cos {5
(¢) sin (7+6) (1) 008 (5 +0) (@) sin (x- ) (h) cos (x~8)
Den3E-0  Des(E-0  @sn(Fen  Oeos(G 40
L3 ' >
(m) ten (3 -6)  (cot(7-0) |
Answers:  (a)-sin® (b} cos 6 (c)~tan 6 (d) sin @
(8) cos © () ~sin® (g) sin (h) —cos @
(1) ~cos ® (j) - sin (k) —cos (1 sin @
(m) cot & {n) tan 6
Problem2. (i) Forwhat value of m the vector A=2i +3] -6k hpmpmﬂbummﬁasil-m]_,,
(1) Find the components of vector A=2] +3] along the direction of T + |2
Answers:  ()m=-10 5
{“13

downwards. Find the direction of A E?

(i) aum{mmnm-m;wm-mn: AxB.
(i) FindB » At A=3]-2]+8kandB=i-]+K.
O Norh-West (i) -4-3]+k =

Scanned with CamScanner



se::tiul'l (A): Tﬂm w;..mm

f(x) = COS X + sin x. Find f{r/2)
,.,2, ) =4x # BIFindMIR)
A3 f(x) =logx*and Efﬁ'ﬂ !‘ mhmantumrem
(A) H{x) = Q%) ﬂqum {GH{:} = 3g(x) (D) f(x) = (g(x))?

A-d. tanlﬁ“mmmh:_ ‘
we-E b mees mtc}'[ﬁ"‘ﬁ] m}[swﬁ]
. el B FL1LA - —I‘-l-'-—-'z
5. sinis equivalentlo ¢ T Lo -

g =) o(sg2) o=

.{A}[ 2..]“411;_1 b 2

A6, sinA. sil‘b{A+E}thﬁlu
(A) cos®A . cosB + sinA sin’B.

|

. (B)siA. %paaﬁ+ouﬂ-hln5

(C) sin®A..cosB + — sin24
. '&I | ]

AT"s —sind I Rt |
(A) cos [‘E"‘IBL’:-_' (8) (2~ . (Q)sin(0-m (D) sin (x+8)
J' ;h,‘_-' o
A8'm If x4 =8sind 2 o the
(A) (%1 + l{z}.-;
(©) x =24 i020

-:_ oy L= » {u} sin®A . sinB + cosA cos’B

Lﬁ):u-n-mm{hm

A-9*» 0 is angle be
pom 2

ﬂ- — T ]

(A) cosB a4

...f“"g
(C) tan® 2

sectiﬁn {B} BT --" j L X Bl !
FNIhadarMm:‘ ven func NS W.I.L. corre ':-:-.:; S S i e
&1 y=x+x48 5 RS
Find the first de
83, yesinx q_tr:_'_ S X
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MmmWhmmmu AxB » BrA,

“E’q = [BxA| ~ABsino

et s distribitive when the order of the vectors is strictly maintained |.8.
A"mwm%luﬁ

: Mﬂ"mmmuemunmmma-mun
-Wﬂ lhmhﬂlntwmmmnmmﬂﬂumm

mﬂwm#m;smmummvﬂﬂmmlnhﬂmﬂm
'm n,{..,ﬂqul'q“!,mlmiAxEL'aDIB.,Hllﬁﬂntnrpmtlﬂdl'm

ﬂ"' i""‘“"**?‘“"f‘ e, M-Hnlnmbymﬂuammmhamﬂw
3 b zer vector : A vector of zero magnitude is called zero vector. The
tladgl'! o .mmm{mmadﬂad} AxA =AASNO®fi = 0.
it v %:pl.'t =0 = ixi=jxj=kxk=0
: s 7, ] and k in accordance with right-hand-thumb-rule,

LA

Scanned with CamScanner



Mathematioal TORE im=s=ssesss . * —i-
"+ The componems of the resultant displacement G = A + 8 are found by addiion.
C = (3+2)i+(@J8)j=- i + 243]
4. Thlmmnumﬂmmwmm-mmmdmc

Cn JF (208) = Vi5 - 36

5. The ratia of C, to Cx gives the tangent of the angle 0 between C and the x axis.

ll"hf# ‘= 0=-T74"

-m‘h“{Mcham;mmhr the answer mus! include
mm’ ' ﬂ!ﬂm or both components. in (b) we could have stopped at step
3 m] !Emmwy define the displacement vector. We converted 1o
hmmlhﬂmﬂmpaﬂ[m Note that in step 5of (b), a
caloulator gives the angle as —74". But the calculator can't distinguish whether the x or y

8nts is negalive. We noted on the figure that the resultant displacement makes an

angle of about 76° with the negative x axis and an angle of about 105° with the positive x axis.

W ﬂl@nm in {a) within the accuracy of our measurement.

,ﬁwmmﬁmﬂﬂ denoted as A . B (read Adot B)
ir magnitude with cosine of angle between them. Thus,

alar which is mmﬂmhbamnmnmahmna.dww
v "lilli'l'l.m'[l.a.m‘cﬂﬁim

LAD
:!.m;p#hﬂm the vectors 6 = cos™ [i'g]

qtl?. onto E‘mﬁhmﬂhmMﬂ A onto
m@ Adand the component of Balong A

"’lT"

by
EB“

o -I
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@ hm'dﬂwmwuummmmmu-m: or

(b) s A

) thg A= {—gm' P MTEL

Note: A=A = A ~0andit A- As = 0 Le., components of a vector perpendicular
mmum,,:' o o oampee
mwmﬂmhmwwthmmihasmc-i+ﬁmﬂmh
ﬂﬂ'-l'l-'ﬂlmﬂﬁ |

C = A + B is equivalent 1o both Cx = Ax + Bx and Gy = Ay + By

mhmm;tmur A in components along X-, y- and z-axis can be
written as :

OP" OB *BR = 6 ¢ G + g

F RS A A oA m A A LA, = ATHA T+ AK /W‘ ”

A-J&i-rh,-rﬁ: ; 2
A= Acos o, A= ACos B, A< Acos y DA.E “
where 608 . 'cos f and'cos y ‘are termed as Direction

Cosines of a given vector A cos? u + cos? + cos?y = 1 z

——— Solued Evamples

Example 84. A mass of 2 kg lies on an inclined plane as shown in figure. Resolve its weight along and
Whﬂﬂ:ﬂpﬂ:ﬁ.{ﬂﬂmﬂanﬂm

—

Solution :

1 { :&du
Gonponen "’_."wma«”m e~ 290n 20 = 10

jle of 30¢ with the horizontal. If horizontal component of the vector is 250.

Example 65. A vector makes
: v ar hwmmﬂ”

T o S0,
[ [ 'II! ! 3
o et I e e k-
<l § tJ-IFﬂ.I‘i '

Solution : La!wdﬂfh;i
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TV PR wm—— e —

am—

v HR},‘, . .'-".“ §
_&'&f*BP oc* cl BF |

" - e , |~
t.,l"h nagnitude A and the direction @ it makes with the x-axis; of

(5) s components Acand A,. A - JATT AT, H_w.%

Note: IfA=A. = A - Qandil A=A, = A =0Ie.,components of a vector perpandic
m“hmm

The rectangular components of each vector and those of the sum G = A + B are show
ﬁnm.'mmﬂm

C=A *Ehmmmmmc..nna.andc. Ay + By
WHMMAW A in components along x-, y- and z-axis car

Ags i. +A = A 4R +A; = AT+A [ +AK

Bty ¢ A2 o
*tllhuﬂ,“h-ﬁmﬂlwk_hm,r

where Cos ©, cos f§ and cos 1 ‘are termed as Direction
Coslnes of a given vector A cos a + cos® + costy = 1

Solution :

g=1
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