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Time : 3 hours (§99 : 3 E2) October 29, 2023 Total marks (3f&@aH 3®) : 102
Instruction fader :
1. Calculators (in any form) and protractors are not allowed.

HaAgeex ([F @ wu H) A e d= B oA T B
2. Rulers and compasses are allowed.

HOR TG YHR A BT AR B |

3. Answer all the questions. Draw neat Geometry diagrams.
Tt gl & SaE < |
4, All questions carry equal marks. Maximum marks 102

| U R DI B B | AfHIH 3 : 102
5. Answerer to each question should start on a hew page, clearly indicate the question number.
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1. Let N be the set of all positive integers and S = {(a,b,c,d) € N*: a? + b?> + ¢ =d? }. Find the largest
positive integer m such that m divides abcd for all (a,b,c,d) € S.
Sol. 15t method
Leta=n,b=n+1,c=n(n+1)=d=(n(n+1)+ 1) which satisfy a2 + b2 + c 2=d?
a & b are two consecutive number in which one is odd & other is even ¢ & d are two consecutive
integers in which c is even & d is odd
= abc is divisible by 4
fa=1,b=2,c=2,d=3
abcd =12 =>m <12
now we chick abcd is divisible by 3 or not.
n=3k, 3k+1,3k+2
If n = 3k then abcd is divisible by.
fn=3k+1,d=3k+1)(Bkm+2)+1=3k
= abcd is divisible 3.
fn=3k+2thenb=n+1=3(k+1)
= abcd is divisible by 12
= largest positive integer m = 12
25! method
a?=0, 1 (mod 4)
b?2=0, 1 (mod 4)
c?=0, 1 (mod 4)
d?=0, 1 (mod 4)
a2+ bh2+c2=¢?
-+ at least two of a?,b?,c2,d? are even
.. 4 divide abcd
now again a2= 0, 1 (mode 3)
b%=0, 1 (mode 3)
c?=0, 1 (mode 3)
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b%2=0, 1 (mode 3)

a2+b2+02=d2

.. at least on of a2,b?,c2,d? is multiple of 3

.. 3 divide abcd

= 12 divide abcd

fa=1,b=2,c=3d=3

So minimum value of abcd =12

SLom=12

2. Let ® be a semicircle with AB as the bounding diameter and let CD be a variable chord of the
semicircle of constant length such that C,D lie in the interior of the are AB. Let E be in point on the
diameter AB such that CE and DE are equally inclined to the line AB. Prove that
(a) the measure of ZCED is a constant;

(b) the circumcircle of triangle CED passes through a fixed point.

Sol. LetCD =/

A P 0 B

Now consider a circumcircle of ACDO where 'O' is mid-point of diameter AB.
This circle intersect AB at P, now join P to C & D
« COD = « CPD = Angle on same segment = 6 (Say)
«£ OCD = £ OPD = Angle on same segment = a
-~ OC = OD = radius of semi- circle
.. £0CD=2£0DC=aqa

aot+o+0=nt=a= z_ 9

2 2

Z/APC+CPD+/0OPD=n

.. Pis point E. = Proof of Part (a)
and (b) circumcircle ADCE passed though a fixed point O

3. Far any natural number n, expressed in base 10, let s(n) denote the sum of all its digits. Find all
natural numbers m and n such that m < n and (S(n))2 =m, (S(m))2=n

Sol. Since m < n and (S(n))2 = m, (S(M))? =n = m & n are perfect square
Case -1 If n is one-digit number

maxS(n)=9=m<81l =S(M)=9=n<81
possible value ofn=1, 4,9
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n S(n) m = (S(n))? S(m) n = (Sm)2
1 1 1 1 1
4 4 16 7 49
9 9 81 9 81
which is not possible
Case -II If nis of 2-digit number
max S(n) = 18 = m = (S(n))? = 324.
S(m)=9=(S(M))2=81=n<81
n S(n) m = (S(n))? S(m) n = (Sm)?
16 7 49 13 169
25 7 49 30 169
36 9 81 9 81
49 14 196 16 256
64 10 100 1 1
81 9 81 9 81
which is not possible
Case -III If nis of 3-digit number
max S(n) =27 = m = (27)2 =729
(S(m))2 =324 = n<324
n S(n) m = (S(n))? S(m) n = (Sm)?
100 1 1 1 1
121 4 16 7 49
144 9 81 9 81
225 9 81 9 81
256 13 169 16 256
289 19 361 10 100
324 9 81 9 81
n =256, m=169
Case -1V If nis of 4-digit
max (S(n)) = 36 = m = (S(n))% = 1296
(S(n)) =18 = (S(M))2=324 = n<324
not possible
Case -V n is of 5-digit

max (S(n)) = 45 = (m) = 2025

S(m)=9 = (S(m))2=81 = n<8l

Not possible

So it can't have any solution for higher digits.
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Sol.

Sol.

Let Q1, Q3 be two intersecting circles with centres O1, Oz respectively. Let ¢ be a line that intersects
Q, at points A,C and Q. at points B,D such that A,B,C,D are collinear in that order. Let the
perpendicular bisector of segment AB intersect Q1 at point P,Q and the perpendicular bisector of
segment CD intersect () at points R,S such that P,R are on the same side of ¢. Prove that the
midpoints of PR,QS and 010: are collinear:

Let M1 & M2 be mid point of PQ and RS
O1M1 || O2M2|| ¢
and O1M;1 = AC;AB:% . 02M; = BD;ZCD:%

Now join M1 and Mz which interest 0102 at M. Which is
mid point of 0102 and M1M2 both

Now drawn a line parallel to PQ through M which interest PR and QS at X and Y.
Since M is mid point of M1 M2 therefore X and Y are also mid-point PR and QS.
Hence proved.

Let n > k > 1 be positive integers. Determine all positive real numbers ai, az,.....,an which satisfy
n k n
Z kaj Z
k 1
SV k-1 +1 &
Apply AM.G.Mon (k—-1) af and 1

k
a +a; e +a; +1 (k_l)
> &

a;

1 <
(k—Dak +1

n k n
3 _ ke SV (1)

~\(k-Daf +1 4

a;

Janson's inequality on f(x) = Jx

“’al"' a2+ ..... + an < al+a2+an
n a n

Zn:\/Eis\/ﬁ.,/iZaii ......... )
i=1
but given Zn: L = zn:\/;izn ......... 3)

~\(k-Da+1 <5

so from (1), (2) & (3)
k

A S L M o

T V(K ~Daf +1
which is possible only when equality in (1) and (2) both holds
for equality in (2) aa=az2=..... = an

for equality in (1) a!‘ =1l=ai=1
=Sai=az=........ =an=1isonly
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6. Consider a set of 16 points arranged in a 4 x 4 square grid formation. Prove that if any 7 of these
points are coloured blue, then there exists an isosceles right-angled triangle whose vertices are all
blue.

Sol. Five types of isosceles right-angled triangle are possible as shown below
Al Az A3 A4 A1 Az A3 A4

Bs
Bl Tl BZ - B4 B. BZ Bs B,
pA T3

C CZ Ca Cs C G C3 (o
D: D; Ds D4 D1 D; Ds D4
A A; A3 Ay A1 A As As
B B B B

B1 3 B4 ! N

Ts

T C C// G iC

Cl CZ C3 C4 1 3 4
D D

D, D, Ds Da 1 D, Ds 4

Now consider following cases

Case-l: If we take 4-points in one row and other 3-points scattered then we always get triangle of
type Ta, Tsor Ts

Case-ll: If we take 3-points in one row and other 4-points scattered

AL A A5 Ag
B, B> B3 B,
C1 CZ C3 C4

D1 p, Ds D4

Suppose three points taken are A1, Az, A4 to not form isosceles right-angled triangle fourth, fifth
and sixth points must be B4,C3 & D». Still one Point need to select, If we select any point from Rz,
Rs3 & R4 then always we get isosceles right-angled triangle.

Case-lll: If no row contain more than 2-points then 3 rows must contain 2-points each.

Ay A; As As
B1 B> B3 B4
C CZ C3 Cs

D: D; Ds D4

Suppose two points taken are Az, As to not form isosceles right-angled triangle third, fourth, fifth
and sixth points taken Bi1, B4,C2,Ca. Still one Point need to select, if we select any point from Ra,
then always we get isosceles right-angled triangle.

If D1 is selected B1CzD: is isosceles right-angled triangle.
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If D2 is selected AsB1D: is isosceles right-angled triangle.
If D3 is selected C2D3Ca4 is isosceles right-angled triangle.
If D4 is selected AsC2Ds is isosceles right-angled triangle.
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