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Time :

3 hours (999 : 3 &) October 20, 2019 Total marks (3Ifor®&d# 3f®) : 102

Instruction fader:

1. Calculators (in any form) and protractors are not allowed.
Heageex (e & wu #) @ =@ a= @ srEfa 7E 2
2. Rulers and compasses are allowed.
FoR U9 UHR oM & AR 2 |
3. Answer all the questions. Draw neat Geometry diagrams.
T yeAl & oA < |
4, All questions carry equal marks. Maximum marks 102
N U RER 3D D & | BaA 3D : 102
5. Answerer to each question should start on a new page, clearly indicate the question number.
I UL Pl & ¢ U 9§ P& PN | U T $H AH—AH Scord D |
. 19 .
1. Suppose x is a nonzero real number such that both x> and 20x + e are rational numbers. Prove
that x is a rational number.
A o {5 x U e aafds dw § e foag x5 9 20x + 19 ST & uRaYy g 2| g
X
N b x N H uRAY e 2 |
1
Sol. Let 20x + 79=(x (o € Q)
o -19
= 20x2—ox+19=0 = X2=px+qQ Wherepzz&qzﬁhencep,qeq
Now x5 = x(px + g)2 = x{p?x2 + 2pgx + g2} = p2x(px + Q) + 2pq(px + q) + g2x
=p3(px +0) + (3p%q + g?)x + 2pg? = (p* + 3p?q + g*)x + p°q + 2pg® = Asay)
Given that x5 is rational
3 2
- -2
SO X = W—quz c Q
p* +3p“q+q
Hence x is also a rational number.
Hindi. #AMT120x + %=Oﬂ (a € Q)

= 20x2—ox +19=0 = x2=px+q G%?p:%ﬁaﬂq:%?ﬂﬁ:p,qeq

39 x5 = x(px + g)2 = x{p?x? + 2pgx + g%} = p2X(px + q) + 2pg(px + Q) + 93X
=p3(px + ) + (3p%q + g)x + 2pg? = (p* + 3p?q + g?)x + p3q + 2pg? = A(HAT)
fear a2 b x5 uRay 2
A —p3q-2pg’
sy x = — 1 1 cQ
p* +3p°q+q°
X ORI G W 2 |
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2. Let ABC be a triangle with circumcircle Q and let G be the centroid of triangle ABC. Extend AG,
BG and CG to meet the circle Q again in A1, B1 and Cu, respectively. Suppose «BAC = £ZAB,C,,

ZABC = ZA,CB; and ZACB = «/B;A;C,. Prowe that ABC and A1B1C1 are equilateral triangles.

M @ % ABC v& RBys & f51\@ uRgd Q 8 3R 91 o f& G BYysl ABC &1 3ss @ | X@@s
AG, BG 9 CG foR &9 W gd Q& %AW A1, B1 9 C1 ¥ T: et 81 9 o f /BAC =
ZAB,C,, ZABC = /A,CB,d ZACB = /B,AC, & | fig & f& ABC T A1B1C1HvqTg T % |

Sol.

A

4

6—x X

Cs B1
X
& X
E
X
G
X
B X D C
X

A1

Let G is centroid of AABC
Let BG intersect AC at E,
AG intersect BC at D,
CG intersect AB at F.
AB1, B1C, CA1, A1B, BC1 and C1A.
Proof : ZBAC = ZCiB1A1 =0 and ZA1AC = X
Now  ZBAA1=0-Xx

ZC1AAL = ZCiB1A1= 0
= ZCi1AB = ZC1AA1 — ZBAA1=X
= ZCi1AB = ZC1B1B = ZCi1CB = ZC1A1B =x

/A1B1C = ZA1AC = ZAC1C = ZA1BC =x
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Now ZCiCB = x = ZCBA1

= A1B is parallel to CC1
Similarly B1C is parallel to AA1

and ACz is parallel to BB1

Now in AAC1C, mid point of ACis E
Now EG is parallel to AC1

= G is mid point of chord CC1

Similarly G is mid point of chords BB1 & A1A1 also.

= G is circumcentre of AABC also
= AABC is equilateral
because AABC is similarly with AB1C1A1 = AA1B1Cu1is also equilateral.

A 5 G S AABC &1 dsa 2

AT BG, AC &1 E W Ufd=8 &xal &

AG, BC ®I D W Ufd@T &xdl &

CG, AB @1 F W Jfi@8T &l &

AB1, B1C, CA1, A1B, BC1 3R CiA.

I : ZBAC = ZC1B1A1 = 0 3R ZA1AC = x
SE| Z/BAA1= 0—X

ZC1AA1 = ZCiB1A1=6
= ZC1AB = ZC1AA1 — ZBAA1=X
= ZC1AB = £C1B1B = ZCiCB = ZC1A1B =x
ZA1B1C = ZA1AC = LAC1C = ZA1BC =X

3[4 /CiCB = x = ZCBA1
= A1B, CC1 B IR B
S0 UBR BiC, AALD THINR 2
qAMm AC1, BB1@ TATR &

3T AACIC HAC &1 7z g E ©
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Sol.

Now

3 EG, AC1® AR 8

= G, a1 CC1 @1 A fag 2

T UBR G, Shasli BB1 AR AtA1 &1 weg fasg i 2
= G, Pysl AABC &1 uRe= 0 2

= AABC |¥aTg, e 2 |
F1fs AABC, AB1C1A1 & F9HT & = AA1B1C1 59l I8 |9aTg By =

Let a, b, ¢ be positive real numbers such that a + b + ¢ = 1. Prove that
a b (] 1
2 3 3+ 2 3 3+ 2 3 3 =
a‘+b’+c b+c®+a®> c“+a’+b 5abc
AF o fb a, b, ¢ T eHTHS aRdfdd TN & o9a faw a + b + ¢ = 1 Rig =1 &
a b c 1
+ <
a®?+b%+c® p?+cd+a® c?+a®+b® ~ Babe
To prove
a b + c < 1

ar <
a?+b%+c® b?+c®+a® c?+a®+b®  babc

a b C
+ + <
a’(a+b+c)+b®+c®  b?(@+b+c)+ci+a®  c?(@a+b+c)+a®+bd

gl
/:-\
—
N

a®+b%+c®+a’b+a’c

> a7b4c4 1/5
3 ( )

1 1
<
a®+b%+c®+a’h+a’  5(@@’bc*)Ve

a’bc - a’bc
a®+b+c+a?+a’c 5@’b*ch)s

a2be a3/5pL/5:1/5 2
a®+b%+c®+a’b+a’c 5
o bzac a1’5b3/5c1’5
Similarly 3 3 3 ST e (3)
b%a+b° +cb” +c° +a 5
abc? 1/5,.1/5 .3/5
<a ' ’b"’c’? 4)

c’a+c’b+c®+a®+bd
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add (2), (3) and (4) we get

a’bc . bZ%ac N c?ab
a®+a’b+a’c+b®+c®  bla+b®+b’c+c®+a®  cfa+c®+cd+ad+pd

a3/5bl/5C1/5 +al/5b3/5cl/5+a1/5b1/5c3/5
< e (5)

Now without less of generally assume a>b >c
then  a¥5>b%5> ¢35
alls > pl/5 > cl/5
alls > pl/5 > cl/5
= a3/5 b1/5 Cl/5 + b3/5 C1/5 a1/5 + C3/5 a1/5 bl/SS a3/5 a1/5 a1/5 + b3/5 b1/5 b1/5 +C3/5 C1/5 C1/5
= a3/5 b1/5 Cl/5 + b3/5 Cl/5 a1/5 a4 C3/5 a1/5 b1/5£ ) [REEE TR (6)
Using (5) & (6) we get

2 2 2
3 2 agc 3 3 + 3 3bic 3 3 + 2 an:? 3 S Sl
a’+a‘b+a‘c+b’+c b°a+b” +b°c+c” +a c‘a+cb+c’+a’+b 5

4, Consider the following 3 x 2 array formed by using the numbers 1, 2, 3, 4, 5, 6
a1, Q2 16
Ay, =2, 5.
Agp, Az 3, 4

Observe that all row sums equal, but the sum of the squares is not same for each row. Extend the
above array to a 3 x k array (aij)3x« for a suitable k, adding more columns. Using the numbers 7, 8,
9,...... 3k such that

k k k k k k
2 2 2
Zalj = ZaZj = ZaSj and Z(alj) = Z(azj') = Z(asj)
=1 =1 =1 =1 =1 =1

831, 82 16
| 1,2,3,4,5 6% [Affd = 3x 2@Re @1 @t |ay,a, =2, 5
Az, Az 3 4
2w fop 9y gfdadl &1 I RER B, R B ufdd # vt &1 A9 )R A2) 2 | 59 4ol #, A e
S k @ forg, |w=mall 7, 8, 9,...... 3k BT AN BRD A W™ Srel AR SH b 3 x k GRON
(a1)3x § T Igal o™y f&:
k

K K K K K
Zalj = ZaZj = Zasj 3R Z(alj)z = Z(azj)z = 2(331)2
i1 i1 i1 i1

=1 =1
Sol. We obsene that

k+52—-(k+42=(k+1)2-k*+8and (k+5)2—(k+3)2=(k+2)?-k2+12
= k+52+k?=(k+1)2+(Kk+4)+8=(k+2)?+(k+3)2+12
for k =1, we have (12 +62) = (22 +5?) + 8 = (32 +4?) + 12
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Hindi.

1?2 62
Let us write first two columns as | 22 52 | to have sums as o + 12 + o + 4, o rowwise
32 42

new let us write next two columns in such a way that we get sums as 8, § + 12, § + 4 and then
further next two columns to get sums y + 4, vy, v + 12 so that we get sum in each column as
a+B+y +16

1 6 9 10 14 17
In that way, then matrix would be |2 5 7 12 15 16
3 4 8 11 13 18

Here sum of numbers in each row is 57 and sum of squares of numbers in each row is 703 so we
can chose k=6

g9 aWd © b
(k+52 —(k+4)2=(k+1)2—k2+83R (k + 52— (k + 32 = (k + 2)2 — k2 + 12
= (k+52+k?=(k+1)2+(k+4)2+8=(k+2)?+(k+3)?+12

k=1 fom, (12+69)=(22+5%)+8=(32+4%) +12

1?2 62
AT UM |1 W4l BT |22 52 | & ®©U H for@r o Gohdr 2 Orger Te fdd § a+ 12+ o+ 4, o
32 42

39 I W 39 UBR for@ Fad & fb B, B+ 12, B+ 4 T G: 3Tl &1 WHI Pl y +4, v,y + 12
AT & ©U A ol S Fhal 2 | 39 ISR IS W™ H ANHA o+ B+y + 16 U H &N T4
1 6 9 10 14 17

MFgg |2 5 7 12 15 16| &M
3 4 8 11 13 18

AT TP UfFT W AR BT AN 57 8, 9 IAh Ufdd § TR & I Bl ANThA 703 © | 37
g9 k=6 g7 T ¢ |

In an acute angled triangle ABC, let H be the orthocentre, and let D, E, F be the feet of altitudes
from A, B, C to the opposite sides, respectively. Let L, M, N be midpoints of segments AH, EF, BC,
respectively. Let X, Y be feet of altitudes from L, N on to the line DF. Prove that XM is
perpendicular to MY.

A9 o {6 feft g7 Byt ABC H H 9—3< ©, 9 D, E, F 8 fig & 9 W %9 A, B,CH
W A arell Yol (MYR) & e 2 | 99 o fb L, M, N a3 X@@€ AH, EF, BC & 9 fdg & |
AM A1 & g X, Y 4 3@ DF R &9 ST H9: X, Y R e 2 1 fig &1 f& XM |1 Xy 4
a2

Reg. & Corp. Office: CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)- 324005

®
Qesonance Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in RMO201019-7
Educating for better tomorrow [ Free: 1800 258 5555 | CIN: UB0302RJ2007PLC024029



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Resonance®

Educating for better tomorrow

REGIONAL MATHEMATICAL OLYMPIAD (RMO) - 2019 | 20-10-2019

Sol.
Quadrilateral AFHE and BFEC are cyclic quadrilateral with centres L and N respectively
= LN is perpendicular to common chord (FE) of circumcircle of AFHE and circumcircle BFEF
Also LN passes through midpoint(M) of EF
Now circumcircle ADEF also passes through L and N, where LN is diameter of circle (because
ZLDN =90°) = ZLFN =90°
Now quadrilateral XFML and FMNY are also cyclic quadrilateral.
X > Y
B o
p
L M N
Let ZFNM = ZFYM = o and ZFXM = ZFLM =8
Now £ZFLN + ZFNL = 180° — ZLFN
= o+f =180° —90° = 90° = ZMXY + ZMYX = 90°
= ZXMY =180° — ZMXY —£ZMYX =180° —90° = 90°
= Hence Prowe
Hindi.

IgYs AFHE 3R BFEC fFceis aqysl & e @ Hae: LAR N & |
= LN, 9Rgd AFHE 3R URg<l BFEF &1 SWIMSS Siidl (FE) & ofad ¢ |
Jem LN, EF & A&7 fdg (M) 9 TorRaT 2 |
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Sol.

319 ADEF &1 URd g, L 3R N 9§ JoRdl 2 o8l LN g &1 &9 2 (@1f$ ZLDN = 90°) =

ZLFN = 90°
39 TGS XFML 3R FMNY &t TR agyst 2 |
X P Y
B o
B
L 9 N

AT ZFNM = ZFYM = o and £ZFXM = ZFLM = §
39 ZFLN + ZFNL = 180° — ZLFN
= o+ = 180° —90° = 90° = ZMXY + ZMYX = 90°

= 3 ZXMY = 180° — ZMXY — ZMYX = 180° — 90° = 90°

Suppose 91 distinct positive integers greater than 1 are given such that there are at least 456
pairs, among them which are relatively prime. Shon that one can find four integers a, b, ¢, d among
them such that gcd (a, b) = ged (b, ¢) = gcd (¢, d) = gcd (d, a) = 1.
AM o fF 91 STA—3fell 1 ¥ I U &FAd quiih fQy Y 2 % IS4 &9 | &9 456 Sils (¥ ©
S ST B | g B % 59 V¥ IR U@ a, b, ¢, d el e folg ged (a, b) = ged (b, ¢) =

ged (c, d) = ged (d, a) = 1 (IET gcd M #. . IT AESAH FHIIAUD)

Let numbers are {n1, nz, ns,..... noi} = A

Let numbers coprime with ni are mi

Number of unordered pairs (x1, y1) from set A coprime with n1 are ™C, =

similarly number of unordered (x2, y2) from set A coprime with nz are

........ and so on.

2

Now, if gcd(nz, n2) = gcd(nz2, n3) = gcd(nz, n4) = gcd(na, n1) =1 then

91
in zw the pair (n2, n4) comes two times.
i=1

my(m; -1)

2

m,(m, -1

Let us assume no four numbers exist in set A such that these are coprime in cyclic order. Then in

91

i=1

Z—mi(n;i 1) , all pair (xk, yk) are distinct

TR S S S
S T T 91 o1
a1 a1 2

91
2
91x 90 ;m' . > om,

+90

Because - > , hence
91 91
o1 2 ra o1 91
M| m 2.m 2m
=1 <1490 = <10 = L <455
91 91 1
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Hindi.

= number of coprime pairs < 455

But number of coprime pairs > 456, hence our assumption is failed.

= four numbers a, b, c, d existin set A which are coprime in cyclic order.
7M1 & =W {n1, n2, ns,..... noi} =A &

AT ni AR mi T FE& 2 |

W AR P HRI EANod 3gfAd I (xu, y) B @A ™C, = ml(n;l_l)
T UBR T A, n2 & TSI BT I (xz, y2) BT GE&A —mZ(”;Z -9

3@ i ged(ni, n2) = ged(nz, n3) = ged(ns, na) = ged(na, n1) = 1
91
in ;w , (N2, n4) &1 IR T |
A b P1E @ TR TN Ggead A ¥ [JemE 81 2 & 3 W I 9 A W8Ivsy B | a9

91
Z_mi(”;i D 3 (xu, yi) g B R
i=1

91
2.t
i=1

91 2 91 m:
g mi ﬂ<91><90 = <—Z I+90
; 2 ; 2~ 2 91 ~ 91
a 91 2
2m | 2m
Fafy =L > =L | g
91 | 91 |’
a1 2 91 91 o1
>om > om, > m, > om
=L <=L 1490 = <10 = =L <455
91 91 91 2

= 8 MY G| P AT < 455
S e fRem™ 2 |
= IR &N a, b, ¢, d Tz A fdem™ 2 o & 3 0 I 59 9 T8 WY o |
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