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There are 6 questions in this question paper. All questions carry equal marks. Maximum marks

102.
Answer all questions.
Time allotted: 3 hours.

Sol.

Let ABC be a triangle with integer sides in which AB < AC. Let the tangent to the circumcircle of
triangle ABC at A intersect the line BC at D. Suppose AD is also an integer. Prove that

gcd(AB,AC)>1

A1 @ & e By 2 e &% 4o o W18 PIe 8, 9 AB < AC & | e ABC & uRga &
fig W di 78 Wi, BC ¥ D R fAerdl 81 79 & f& AD 0 & quriss 2 | @ifdd a1 & .
A.(AB, AC) > 1 (\.9. = WeaH HHId greatest common divisor I ged A1)

ZADC=B-C

In AABD

DB _ c
sinC sin(B-C)

_ csinC
sin(B—-C)
CZ

- bcosC —ccosB

c?a
T p2_g?
DAZ =DB x DC
2 2
,_ C‘a c‘a
DA® = 2 22 =2
b -c b -c
_ abc
DA_b2—02

Assume b & c are coprime then

Apply cosine law

abc
(b—c)(b+c)

which is not possible as b + ¢ > a have b & c can’t be coprime.

€ Z = b—-c &b + c both should be divisible by a
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Hindi: LZADC=B-C

In AABD

DB _ c
sinC sin(B-C)

_ csinc
sin(B-C)
CZ

bcosC —ccosB

2

_ c‘a

T p2_g?

DAZ =DB x DC

DAZ = c’a c’a

T2 2 2 2

b -c b -c
abc

DA = 7o

AP b T ¢ IIHToT &R & a9

e W fb d¥g =&l & Fifd b+ ¢ > a b AT ¢ AEIUY AR &) 8 Fabell |

BIoaT g |

abc

(b—c)(b+c)

eZ =>b-c 3R b+caH a¥ faufva 8q
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Sol.

Hindi :

Let n be a natural number. Find all real numbers x satisfying the equation

A9 @ & n e wgplie S g1 T 9 ardae 9@ x "9 Bl ol 6 e adlieRe @
HIE A B
n kxk n(n+1)

=14 x* 4
Letx>0
kx* k k
Then = < —
1+x% xk4x* 2
n k n
Hence z It > k= M = R.H.S of given equation
o1 1+x% =2
kx* k . . . .
Hence T = = v Ke {1,2,...... , N} i.e. equality must hold for every term of this summation
+X
So xk=1V Ke {1,2, ...... , N} = x=1

Obviously x=0 is not a solution and for x <0

i kx*

2X
o 1+ x

| z”: [k | _ nn+1)

k=1 |1+XX| 4

Inequality holds as all terms of the summation are not of the same sign fork > 1 & for k =1, LHS is
negative. Hence only solution is x = 1.

AMIfS x> 0
k
- kx : k < 5
14 x2 xKpxk 2

JAd:

< 25 - =) = fear a1 gfieNer &1 R.H.S

o 2 4

i kx X

2X
o 1+ x

are: kx* =%vr<e{1,2, ...... , N}, AT AT & oY TP U AP BT T AT B |

1+ x2K
saferg xK=1V Ke {1,2, ...... , N} = x=1

WeddT x=0 8 T8l & H®ife x <0

k=1 |1+XX| 4

Z”: x| i [ ke* | _ n(n+1)

2X
o 1+ x

AT ATHS & T I&1 BT T IRl & b k> 13 forg Irmwa &1 w9 fas T8 2 o k
=1 faY, LHS RoIcA® € | o1 dacl x = 18 © |
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Sol.

Hindi :

For a rational number r, its period is the length of the smallest repeating block in its decimal
expansion. For example, the number r = 0.123123123... has period 3. If S denotes the set of all

rational number r of the form r = 0.abcdefgh having period 8, find the sum of all the elements of S.
s URAg @ & r forg 9@t MR (period) SH@ S¥MAd fIWR # Qe dTdl A9 BT WIS
P TS BT 8 | SATERY B AR |l r = 0.123123123.... &1 QRS (period) 3 B | 3FR S 39 w4

aR¥a dwmsit &1 r agE 8 e fiRere (period) 8 @1 |wam @t r = 0. abcdefgh @RE for@ | g,

q wE So Al wel & I A B |
X = 0.abcdefghabcdefgh.................

_ abcdefgh
108 -1
1+42+3+....... +99.....99 10° — 11 0°
Total Sum = = st = { _8) =5x107
10% —1 2(10° -1)
Period 4 = |_ _ _||_ - - —|

If unit digit is 1 then the next three places can be filled in 10° ways hence sum of all the digits at
(1+2+3.....+9010° _ 45x10°

10° —1 10° -1
_ (1+10+......... +107)(45x10%)
B 10° -1
It also include numbers with period 1 and period 2

So sum of the numbers with period 8 = Total — Sum of the numbers with period 1, 2, 4
=5x10"-5 x 10% = 49995000

unit places =

Hence sum of all such numbers =5x10°3

X = 0.abcdefghabcdefgh.................

_ abcdefgh
108 -1
1+2+3+....... +99.....99 o 8
ga- u\l—rl-= 8times =(10 _1)10 =5x107
108 -1 2(10% -1)
sedda= | _ - || _ _|

IfE ghTs 3P 1 8 d9 3T o WIMI B 103 TPl A WRT ST bl | 3d: Shls WA W) A6

wi a1 3 _(14243....4+9)10° _ 45x10°
10° -1 10° -1
7 3
o T FHR B W Gl @1 ampe = (10 1"(‘):1(1) J45A07) 5 102

A amadt 18R amad 2+ wnfie 2 |
o1y 3Tad 8 &1 WA BT ANH = Fof — Aad 1, 2, 4 B &1 BT ATHA
=5x107-5 x 10% = 49995000

Let E denote the set of 25 points (m,n) in the xy-plane, where m,n are natural numbers, 1 <m < 5,
1 < n < 5. Suppose the points of E are arbitrarily coloured using two colours, red and blue. Show
that there always exist four points in the set E of the form (a,b), (a + k,b), (a + k,b + k), (a,b + k) for
some positive integer k such that at least three of these four points have the same colour. (That is,
there always exist four points in the set E which form the vertices of a square with sides parallel to
axes and having at least three points of the same colour.) _

E & xy a8 & (¥ 25 fdgaii (m, n) &1 @98 A9 I, S8l m, n W@ids S8 € 1<m <5,1<n<
5% AM @ {5 998 E @ & & fdg & ot a1 Aiad, SH1 A ¥ T I H, 7 e 9 39 &
ST & | |ifed #)1 {6 | E § 9R g W 8 S & (a,b), (@ + k, b), (@ + k, b + k), (a, b + k) T2
k T QUlie &— @ IRe fod o |bd 2, iR R 9 &9 4 &9 dF fig 6 61 31 & 21 (7,
g E # W 9R g een 8 &Y & we W@ v @ dm @ Rl qong el & g 2, 9
5 &9 9§ 39 JH g e & 71 & ©)
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i

All three colours are consecutive in R4 and R5
due to dark portion reject

o \ \
C P .
1 ]
S &
o O) c

All three colours are gap 2 and gap 1 in R4 and R5 due to dark portion reject

e

4

All three colours are gap 2 in R4 and R5 due to dark portion reject

|

[e C
R

All three colours are gap 2 in R4 due to dark portion reject
)

5. Find all natural number n such that 1 +|:\/%j| divides 2n. (For any real number X, [X] denotes the
largest integer not exceeding x.)
W 9 urefie dEd n 9| B]) e o wwm 1+[@] T n B AR ad &1 (@l
M arafds d@ x & Y [x] @ §ART Ada9 S Ag9d UG 9 €, A U 999 99 UG | S
fo x & w=1 7 =)

Sol. LetL=p(where peN) :>2n=p+[\/%]p =>2n-p-= [\/%Jp ...... (1)

1+ [\/ﬁ}
Now @—1<[@]s@ :p(@—ﬂq[@]gp@ ...... )
From (1) and (2) =p(~2n-1)<2n-p<p+/2n
Corporate Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)- 324005

®
Qesonance Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow 1) Free : 1800 258 5555 | CIN: US0302RJ2007PLC024029

RMO081017-6




Resonance” = REGIONAL MATHEMATICAL OLYMPIAD - 2018 | 07-10-2018

:>2n—p>p\/%—p&2n—psp\/%

:>2n>p\/% and 2n—p \/%sp

P p° p’
= 2n>p&(J%)2—2.E J%+73p+T

2 2 2
N 2n>p&[@_%J <P Z4p< (|O+42)

2p+2

= 2n>p&\/%<

= J2n>p& \/%—%< p;rz

p<V2n<p+1 =[V2n]=p

2
Now 2n =p + (p)p :>n=p2er ..... (3)

Now every solution of equation (3) will be the answer became here

2n = p(p +1) and 1+[\/%J= p + 1 which divided p(p +1) = 2n

Hindi.ﬂﬁ'r”[z—n\/%}:p(ﬁl%ﬁpeN) :>2n=p+[\%]p :>2n—p=[@]p ...... (1)
m@—w[\%]s@ :p(@—ﬂq[@]gp@ ...... )

)8R (2)d = p(¥2n-1)<2n-p<p+/2n

=2n—p>py2n —p&2n—p<py2n =2n>p+2n dR2n-p2n<p

N

2
= 2n>p&(@)2—2.% J2n + %sm%

2 2 2
N 2n>p&[@_%J <P Z4p< (|O+42)

= 2['1>p8(\/%—%<p2L2 = 2n>p&\/ﬁ<¥

p<V2n<p+1 =[V2n]=p

2
+
@ 2n=p+ (p)p :>n='°2p ..... 3)

TG (3) FT AP & SR BN 2n = p(p+1)aﬁ-\f1+[\/%]= p+ 13 p(p+1) ¥ o &rm

=2n
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Sol.

Proof :

Let ABC be an acute-angled triangle with AB < AC. Let | be the incentre of triangle ABC, and let D,
E, F be the points at which its incircle touches the sides BC, CA, AB, respectively. Let Bl, Cl meet
the line EF at Y, X, respectively. Further assume that both X and Y are outside the triangle ABC.
Prove that

(i) B, C, Y, X are concyclic; and

(i) I is also the incentre of triangle DYX. _

A &1 f5 ABC T g7 ®1v1 31 8 9 AB < AC A1 &I f& [ 3igs1 ABC #1 sidd= g dD, E, F
g8 fdg & f9 W of@: g9 %A BC, CA, AB &1 w°f &=ai 8| A9 o f& BI, CI Y& EF | %
fig WY, X fe 21 3k 791 & f& fdg XY g9 ABC & 1R 2| g a1 f&:

(i) g B,C, Y, XU&® g §; 9

(i) g 1 s DY X &1 ) siad< B |

180 - A —-B/2 90 + A/2=90-A/2-B/2 =C/2

B

Construction : Join XB, Join XD, Join DY. Let IY intersect AL at k. Let Al cuts EF at L
In AAIE, Z IAE = A/2, ZAEI = 90° = £ AIE =90° — A/2
In AILE, ZILE = 90°, ZLIE = 90° — 90° — A/2 = ZLEI = A/2

Now £ KEY = 180° — ZIEK — ZLEI = 180° — 90° —% ....(1)

In AABK, ZAKB = 180° — /BAK — Z/ABK = 180° — A — 78 ..... (2)
Now AEKY, ZEKT is interior angle of £ EKY, so ZEKI = ZKEY + ZKYE
= /KYE = 180° — A—?B— (90—%) = 90°—%—7B =%

Now ZEYI = ZECI =% = Point EYCI is concyclic ... (3)

Now point ECDI are also concyclic
{..ZIEC=«IDC=90% ... (4)
From (3) and (4) DIEYC are concyclic
C

Now on circumcircle of DIEYG, DI is chord so Z1YD = ZICD =E

= ZIn ADXY = Ylis £ bisector of LXYD {£XYI =% =/1YD}

Similarly XI is angle bisector of DXY = I is in centre of ADXY

Now £ZXYB = ZXCB = % = Point XYCB are concyclic
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Hindi.

180 -A—-B/2-90+A/2=90-A/2-B/2=C/2

T XB B fieman, XD &1 e, DY & e /4 1Y, ALS k TR gfdese arar ® AT Al EF
B LR gforese axal 2 |

Proof : AAIE #, ~ IAE = A/2, ZAEI = 90° — £ AIE = 90° — A/2
IAILE ¥, ZILE = 90°, ZLIE = 90° —90° —A/2 = ZLEI=A/2

SEILKEY:180°—LIEK—4LEI=180°—90°—% (1)
AABK #, ZAKB = 180° — /BAK — Z/ABK = 180° — A — 78 ..... 2)
319 AEKY, ZEKI, £ EKY &1 31idRe BIvT &, 39t L/EKI = ZKEY + /KYE
— /KYE = 180° — A——B— (90—5) = 90°—5——B =L
2 2 2 2 2
319 L/EYI = LECI =% >figEYCITn T 81 ... (3)
319 fig ECDI 94 @13 & |
{. ZIEC=IDC=90% .. (4)

(3) 3R (4) & DIEYC |9 ¥sh1g 2 |
319 DIEYG & uRrd ga W, DI Sfiar 2 | gferg LIYD=LICD=%

= Z ADXY# = YI, LXYD & &I I&EH %{4XYI=%=LIYD}
sl 9BR X1, DXY &1 B I€d & = [, ADXY &7 ad—< =
319 /XYB = /XCB = %:ﬁgXYCBHHW%I
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