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Regional Mathematical Olympiad-2014
&= g snferfiars-2014

Time : 3 hours (9¥3: 3 T<I) December 07, 2014 (=R 07, 2014)
Instructions (A=) :
® Calculators (in any form) and protractors are not allowed.
il «ff I8 & U (Calculators) T &1 & FART Bl AFAR T8l © |
¢ Rulers and compasses are allowed.
U1 (Rulers) @211 TR&R (compasses) & W &1 A & |
¢ Answer all the questions. All questions carry equal marks. Maximum marks : 102
[ Ul & IR QISR | T U1 & 3T A B, STfdHdd 37 : 102
® Answer to each question should start on a new page. Clearly indicate the question number.
TS T HT IR Y Yol H YR DI | T HHIS W w0 4 R0 B |
1. Let ABC be an acute-Angled triangle and suppose ZABC is the largest angle of the triangle Let R be its
circumcentre. Suppose the circumcircle of triangle ARB cuts AC again in X. Prove that RX is perpendicular to
BC.
A9 N fs ABC HY =T o1 334l & a2 £ABC ST &1 Ha9 91 SV 8, A ISy R 9@ tR&= B,
I8 W MY 6 st ARB &1 aRqe AC &1 G X TR Hredl &, fig #Ifvrl f RX, BC & o daq & |
Sol. AR=BR=CR (" circumciradius)

/\

. ZRBC=ZRCB =«
. ZRAB = ZABR =

A
L\\
. ZRAC=ZRCA=7y
sum of angles in AABC =2 (a+ 3 +y) = 180°
LatBHy=90° L (i)
ZRBX = ZRAX =y (- angles in same segment) PavE
) B

ZBAR = «ZBXR =8 (-~ angles in same segment
. ABXD,

a+ B +y+ £XDB = 180°

ZXDB =90° (use equation (i)

. DXL1BC.
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Sol.

/\

Educating for better tomorrow 1

Find all real numbers x and y such that

g8 ] arcfde AU x a2 y S1d i fore g

X2 +2y? + — <x(2y+1)

1
2
1
x2+2y2+5 < X(2y+1)

2x2+4y? + 1 < 4xy + 2x
2x*+ 4y —2x —4xy +1 <0

X2+ x2+4y? —2x—4xy+1 <0
(X2+1-2x)+(x2+4y?—4xy) < O
(x=1p+(x-2yf <0

so sum of two square can not be negative.
C(x=1P+(x=2yP2=0
~x—1=0andx-2y=0

x=1andx =2y

“x=1

et

Prove that there does not exist any positive integer n < 2310 suchthat n (2310 —n) is a multiple fo 2310.

g BIRT & WX DI g7THS JUIfeh n < 2310 H71 MR 72 & foraas fow 2310 %1 b 7076 n(2310—n) 2 |

As n (2310 —n) is a multiple fo 2310

n(2310—n) = 2310k (where k is some integer)

2310n—n%2=2310k
2310n—2310k = n?
2310(n —k) = n?
2

n-—k= n

2310
as n—k is an integer, so n?/2310 is also an integer
. n? is divisible by 2310.
as2310=2x3x5x7x 11
*. nis also divisible by 2310
but n is less than 2310 n <2310 so
we can say that n is not divisible by 2310.

Find all positive real numbers X, y, z such that

I8 IR gHTHS &IV X, y, z Sd Hifory s forg

11 1 1 1_ 1

KA T o0m YT ST 00 Ty T 0n
2x -2y + LI 1

X=Y T S T %014 =)

2y -2z + .t 2

y=ozr T 2014 (@)

2z-2 1 !

z—-2x + vy = 2014 .-(3)

by adding (1), (2), (3) we get

1 1 1 3

—_ + — + —-= —

X y z 2014 @

from (1) 2xz — 2 +1—L (5)

© Y271 = 5014 .
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X

from (2) 2xy — 2zx + 1

2014
from(3) 2zy —2xy + 1 = Y ..(7)
2014
by adding (5), (6), (7) we get
3= X+y+z
2014
X+y+z=2014x3 ...(8)
(4) % (8)
1 1 1
(x+y+2) ;+;+; =9
It is possible only when
X=y =z
.. because AM, HM for x, y, z
AM > HM
Xty+z o, .
3 —t—t+—
X y z

1,11
(x+y+2) [X++Z) > 9

y
17 1 1
(X+y+Z) ;+§+E =9

if only when term are equal
Putx=y=z=ain (1)
2a—-2a+ iy .
a=sav 3 T 2014

a=2014
“x=y=2z=2014

5. Let ABC be a triangle. Let X be on the segment BC such that AB = AX. Let AX meet the circumcircle 1 of
triangle ABC again at D. Show that the circumcentre of ABDX lies on 1.

A NS @1 ABC Us Y © | A9 iiford fs BC &1 T 14T X 39 ISR 8 fh AB=AX a1 ifory &
AX 3yt ABC & uRad R g: D. R fieht § | iRy 5 ABDX &1 uRa= &1 aRfY w ffzd 2 |
A

Sol.

|
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Sol.
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Given : A triangle ABC with a point x on BC such that AB = AX and AX produced meets circumcircle r of
AABC at D.

Construction : Join D & C. Let P be a point on BD Join P to B & D . Circumcircle of ABDX is drawn and Q
be a pointon it. Join Qto B & D

To prove : Circumcentre of ABDX lies on circumcircle 1 of AABC.

Proof : Let /ABX =0=/ZABC

and Z/BAX = a = Z/BAD

ZADC = ZABC =0 (- angle in same segment)

ZBCD = £ZBAD =« (- angle in same segment)

Now in ACDX

ZCDX+ £ZDXC + ZXCD =180° (-- sum of interior angles of a triangle is 180°)
=0+6+a=180°

=26=180 -« (1)

Now ABPD is a cyclic quadrilateral

so Z/BAD + /BPD = 180° (- sum of opposite angles of a cyclic quadralitral is 180°)
= /BPD =180 -«

From eq. (1) «BPD =26 .(2)

Now BXDAQ is also a cyclic quadrilateral

so ZBQD + #BXD = 180° (-.- sum of opposite angles of a cyclic quadralitral is 180°)
= /BQD +180-6 =180° (.- «BXD =180° — «BXA =180° - 0)

= /BQD =6 ..(3)

(- «BXD=180°- #/BXA=180°-90)

By eq. (2) & (3) «BPD = 2/BQD

That means P is centre of circumcircle of ABDX (--angle made by arc on circumfereance is half of angle
made on centre in a circle)

so circumcentre of DBDX lies on circumcircle - of AABC Hence Proved.

For any natural number n, let S(n) denote the sum of the digits of n. Find the number of all 3-digit numbers
n such that S(S(n)) = 2.

el utpa =& n, & forg, A9 ST {6 S(n) & DT & AR Pl Udhe Bl ©, S T4 I (DI BT F&T n
D Hol T F1d diforl 5@ f S(S(n)) = 2.

Let no. be abc

Leta+b+c=xy

givenx+y=2

1stcase : x=0,y=2

2™case:x=1,y=1

3dcase: x=2,y=0

1stcase:

atb+c=0

a¢0 ifa=1

borc=0

101,110 (1)

fa=2

no. =200 -(2)

2" case

atb+c=11

fa=1,b+c=10 9 case
a=2, b+c=9 10 case
a=3 b+c=8 9 case
a=4 b+c=7 8 case
a=5 b+c=6 7 case
a=6 b+c=5 6 case
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a=7 b+c=4

a=8 b+c=3
a=9 b+c=2
Total =

3 case
atb+c=20

5 case
4 case
3 case
61 case

a = 1 because b + c can be greater than 18

a=2,b+c=18
a=3,b+c=17
a=4,b+c=16
a=5b+c=15
a=6,b+c=14
a=7,b+c=13
a=8b+c=12
a=9,b+c=1

Total =

Total = 36 + 61 + 3 = 100 cases

Resonance

1 case
2 case
3 case
4 case
5 case
6 case
7 case
8 case
36 case
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