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INSTRUCTION

Number of Questions: 30 Max. Marks: 102

1. Use of mobile phones, smartphones, iPads, calculators, programmable wrist watches is
STRICTLY PROHIBITED. Only ordinary pens and pencils are allowed inside the
examination hall.

2. The correction is done by machine through scanning. On OMR sheet, darken bubbles
completely with a black pencil or a black blue pen. Darken the bubbles completely only
after you are sure of your answer: else, erasing lead to the OMR sheet getting damaged
and the machine may not be able to read the answer.

3. The name, email address and date of birth entered on the OMR sheet will be your login
credentials for accessing your PROM score.

Incomplete /incorrectly and carelessly filled information may disqualify your candidature.
Each question has a one or two digit number as answer. The first diagram below shows
improper and proper way of darkening the bubble with detailed instructions. The second
diagram shows how to mark a 2-digit number and a 1-digit number.
INSTRUCTIONS Q.1 Qt2
2. Marking chout be dane with Blus/Black 8o Point Pen only. [o]5]
3. Darken only one cifcle for each guestion as shown in | (.o
Exampie Selow : OO | DG
WRONG METHODS CORRECT METHOD D ]
-l MO Ol _BCONCH OO | OD
4 if more than one circle Is darkened or If the responsa is - o
marked in any olher way as shown “WRONG” above, it shall oo o
& MAue #im ooy 1 e e providec, Sl b
e e wlctie copy of e O et oo |2
7. Please do not make any stray marks-?.n'lhe answer shest. . @ oo

6. The answer you write on OMR sheet is irrelevant. The darken bubble will be considered as
your final answer.

7. Questions 1 to 6 carry 2 marks each: Questions 7 to 21 carry 3 marks each: Questions 22
to 30 carry 5 marks each.

All questions are compulsory.
There are no negative marks.

10. Do all rough work in the space provided below for it. You also have pages at the end of the
question paper to continue with rough work.

11. After the exam, you may take away the Candidate’s copy of the OMR sheet.

12. Preserve your copy of OMR sheet till the end of current Olympiad season. You will need it
further for verification purposes.
13. You may take away the question paper after the examination.
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1. From a square with sides of length 5, triangular pieces from the four corners are removed to form a
regular octagon. Find the area removed to the nearest integer?
T I fTga! Yorall Bl dw1s 5 8, SHb ARl Bl 4 FYSTeR Ths Pl IR P AT ey
AT AT 2 | T B TS T B, SHST A9 Fa9 B! YUIE qb S HRA |

Sol. (4)

5-2x= \/Ex:> X = °
2+\2
2
Area removed BT T &F%d = 2x° =£=25(\/§—1) ~4.3

2(\/§+1)

So area removed to nearest integer is 4
TSR T &5%d B A9 BRIE QD 4 B |

2. Let f(x) = x? + ax + b. If for all nonzero real x

f(x+1]=f(x) +f(1j
X X

and the roots of f(x) = 0 are integers, what is the value of a? + b??

A @1 fF f(x) = x2+ ax + b B | I ¥ o[ arafds @& x & forg

ESRCHE
X X

ARf(x) =0 A & qUIT® &, A1 a2 + b2 &1 919 R 87

Sol.  (13)
f(x+%j=f(x)+f(%j

2
1 1 1
= (x+—j +a(x+—j+b:x2+ax+b+—2+g+b
X X X° X

=b=2
= op =2 = (auB) = (1,2) or AT (-1, -2)
=a=3o0rar-3 =a’+bh*=9+4=13
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Sol.

Sol.

Let x1 be a positive real number and for every integer n > 1 let Xn+1 = 1 + X1Xa...... Xn-1Xn. If X5 = 43,
what is the sum of digits of the largest prime factor of xs?

A & 6 X1 TP g arafad St 8 R 9 n > 1 guniel & AU Xna = 1+ XaXe..... Xn-1Xn B |
IR X5 = 43T X6 FIH TS MG UGS & (i (digits) BT AW AT B |

(13)

X5 =1 + X1 X2X3X4 = X1 X2 X3Xa4 =42

X6 =1+ X1X2X3XaXs = 1+(42) (43) = 1807 = 13 x 139

= largest prime factor Ha31 TST M OIS = 139 = sum of digits 3®I H1 T = 13

An ant leaves the anthill for its morning exercise. It walks 4 feet east and then makes a 160° turn
to the right and walks 4 more feet. It then makes another 160° turn to the right and walks 4 more
feet. If the ant continues this pattern until it reaches the anthill again, what is the distance in feet it
would have walked?

T AT U T | GIE B A B oIy Her 21 98 4 He [T BT AR Foxd 7, R 160° a8
3R S IX 4 He 3R Tl & | fR 98 Ta IR iR 160° I iR J$ &R 4 FE o & | 3R el
S HH | Feih I8l O aTfUs (U 9idl T Uge § S fel bl g3 (BE H) Tl BRil?

(36)

Az
Ao / A1

2 0
200

A2

Aa
Let Ao (0,0)
A1 (4cos0, 4sin0)
A2 (4cos0 + 4c0s160, 4sin0 + 4sin160)

An = (0,0)

= 4(cos0 + cos160 + ..... +c0s160(n-1)) = 0 and 4(sin0 + sin160 + ..... +sin160(n-1)) =0
= sin(80n) = 0

=>n=9

= distance covered = 4 x 9 = 36 feet
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5. Five persons wearing badges with numbers 1, 2, 3, 4, 5 are seated on 5 chairs around a circular

table. In how many ways can they be seated so that no two persons whose badges have
consecutive numbers are seated next to each other? (Two arrangements obtained by rotation
around the table are considered different.)

ura fdedl, f59 R 1, 2, 3, 4, 5 foran 8, us+ gY UfE &N U I A @ IRI aR% UM HRidl R 99
2| 78 W foa aRE 9 95 9ad ©, fred & o A @ an e e w o dwamt wamma
8, 98 M-I A1 §S BI? (TH do7 HT WPl Sl [F g WP 3 ga1 <1 9 e 81, $sA
TR TS A A= AT S )

Sol.  (10)

1 1
3 4 4 3
5 2 2 5
two ways and 5 arrangements =2 x 5 =10
T d8 9 ufg $Hed = 2x 5= 10

6. Let abc be a three digit number with nonzero digits such that a2 + b? = c2. What is the largest
possible prime factor of abc ?
A ot f abc N Bl B WA FE=AT B, RiAd 3id I[U € T a2 + b2 = 28| abc BT TIH TSI
TR TUTETS R |HG 27
Sol.  (29)
a,b,c form Pythagoras triplet
= abc =345 or 435
345=3x5x23and 435=5x%x 3 x 29
= Largest possible prime factor = 29
a,b,c UTSUTIRY 3% T9 1 &

= abc =345 or 435
345=3x5x 233X 435=5x 3 x 29

= JAfHTH AU J9T YUFEETS = 29
7. On a clock, there are two instants between 12 noon and 1 PM, when the hour hand and the minute

hand are at right angles. The difference in minutes between these two instants is written as a + —,
c

where a, b, c are positive integers, with b < ¢ and b/c in the reduced from. What is the value of a +
b+c?

TP TSl H SIUER 12 g9 3R JUsR 1 g9 & 41 H &1 gR VAT BIAT § o9 e Bl g IR e @l
ﬁé@&gﬁ%?ﬂ%ﬁ?ﬁ%lsﬂaﬁw$€ﬁﬂﬁﬁﬂﬁﬁaﬂ?a+ga%a?g%@,aﬁa,b,c

g Ui 8, b < ¢ 9 b/c =7 &1 =9 w9 (reduced from 3T simplest form) 1 a + b + ¢ &1
AN R®IT &7
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Minute hand covers 6° in one minute and hour hand covers %° in one minute
Let instant is x minutes past 12
1

. 6x— X290 or270 = x = 16+ or 49~
2 11 11

Difference:321§1 =a+b+c=32+8+11=51

ﬁﬂeaﬁﬁs‘wﬁﬂeﬁmm%awd%aﬁgéwﬁﬂtﬁ%"aﬂma:rrcﬁ%l
A x S 07 12 371 B

. 6x— X290 or270 = x = 16+ or 49~
2 11 11

31?!’\’:32131 —a+b+c=32+8+11=51

n
8. How many positive integers n are there such that 3 < n <100 and x2 +x + 1is divisible by x? + x
+17?

VY o g9es quiie n 8 Fa falg 3<n<100 9 2w LT P+ X+ 1 T g7
Sol.  (49)

Since o and o? are factors of X2 + x + 1 ; so » and «? will be factors of x* +x+1

= 2"must be of the form 3k + 2 ; ke I. For this to happen, n must be odd.

Son={357, ...... 99}

Number of such numbers = 49

fF o TA @2, X2+ x + 1 B [PHETS 2 ; TAT 0 3R 0 ,X* +x+1 & H oEEve &R
= 2"%1 wU 3k + 2 ; ke | . 39 forg n faws g
st n = {3,5,7, ...... 99}

39 UHR AR & G = 49

9. Let the rational number p/q be closest to but not equal to 22/7 among all rational numbers with
denominator < 100. What is the value of p — 397
A9 @ & p/g V@1 = & S O =1 R &% (denominator) < 100 &1 &R Sl 22/7 | ST E,
I 22/7 S F9H HIG USAT & | Al p — 3q B A RIT B2

Sol. (14)

We have to have 22.p

to be as small as possible for g < 100.

24

7 q q should be smallest.
=[229-7p| =1
and q =99
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—p=311
p-3q=311-3x099=311-297 = 14
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e %-%‘ B & Bie @ A g < 100 B R
‘Q_BHM‘

[ 79 | e v
=|22q-7p|=1

3R =99

= p=311

p-30=311-3x99=311-297 =14

10. Let ABC be a triangle and let Q be its circumcircle. The internal bisectors of angles A, B and C
intersect Q at A1, B1 and Ci respectively and the internal bisectors of angles Ai, B1 and C: of the
triangle A1B1C: intersect Q at Az, B2 and Cz, respectively. If the smallest angle of triangle ABC is
40°, what is the magnitude of the smallest angle of triangle A2B2C: in degrees?

A @1 f& ABC ta 1< 8 3R Q ST 9fegd 81 @191 A, B @ C & J-0Hg9NId Q H HA: Ay,

B: @ C:# fAad & &R a1 A1BiC1 & ®IUT A1, B1 G C1 & STO:AAGHINI® Q | HHI: Az, B2 T C,
q e 21 PR S ABC &1 |e¥1 BIeT $1UT 40° 2 A1 BYS A2B2:C; & Wdd BIC PIV & A
(degree) & 1 BIM?

Sol.  (55)
ZABC, == ZABC
2 2
/ACB, == 2
2 2
/BAC, =~- B8O
2 2
(n ~ LABCJ
b1 2 2
/ABC, =E_ e £ J
2=22 2 2
_n ZABC
==+
4 4

similarly 38 9&R Z/A,C,B, = % + Z'A;CB

and 3R /B,A,C, = %+ ZB4AC

o]
= smaller angle of AA2 B2 Cz is 45° + (42 ) =55°

o
= AA2 B2 C2 BT Ia9 BICT BHIUT 450 + (%)=55°
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11.

Sol.

12.

How many distinct triangles ABC are there, up to similarity, such that the magnitudes of angles A,
B and C in degrees are positive integers and satisfy
cosAcosB+sinAsinBsinkC=1
for some positive integer k, where kC does not exceed 360°?
U e et (Aded 3RTwY) sl ABC § RTFH @101 A, B @ C &1 S § A9 g1cA®

Uit 8, @ik o

cosAcosB+sinAsinBsinkC=1

FHET B B g TS QUi k & forg dqee axd & kC &1 719 360° & SaTaT <781 § ?
(6)

cosA cosB + sinA sinB sinkC =1

= c0S A cos B + sinA sinB + sinA sinB sinkC — sinAsinB = 1
= sinAsinB (sinkC —1) = 1 — cos (A — B)

So (sinkC—-1)=0and cos (A-B)=1

= kC=90°and A=B

Number of factors of 90°

90=2x32x5

Number of factors =2 x 3 x 2 =12

for 6 factor A,B are integers

COSA cosB + sinA sinB sinkC = 1

= c0S A cos B + sinA sinB + sinA sinB sinkC — sinAsinB = 1
= sinAsinB (sinkC —1) = 1 — cos (A — B)

gafery (sinkC — 1) = 0 3R cos (A -B) = 1

= kC=90°iRA=B

90° & TUFEUS] B A
90=2x3?x5
TUAES] B F&AT =2 x 3 x 2=12

A natural number k > 1 is called good if there exist natural numbers

suchthat ~ —+—+......

Let f(n) be the sum of the first n good numbers, n > 1. Find the sum of all values of n for which
f(n + 5)/f(n) is an integer.

e urefae W k> 1 B1 89 3781 Hedl PR VAT Uihfds ey

Bl 99 ol & n > 1 & g f(n) ugel n e dwell &1 Irr g U 9l deamsh
N1 I Sa BRI f5=a g f(n + 5)/f(n) T qories 2 |
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Ans
Sol.

(18)

Letai = AZ,a, = Al.............. a,=AZ

we have to check if it is possible for distinct natural number Ay, Aa............. Ak to satisfy,
1 1 1

—F—+........ —=

A A, Ay

For k = 2; it is obvious that there do not exist distinct A1, A2, such that i+i =1= 2isnota

1 2

good number.

1 1 1 .
For k = 3; we have E+§+E =1= 3is a good number.
1,1 1+£+1 =1= 4 is a good number.
2 2\2 3 6
k will be a good numbers for all k > 3
fn)=3+4+...nterms = n(n+5);f(n+5):w
f(n+5)_n+10_, , 10

f(n) n n
Which will be integer forn=1, 2, 5 and 10
sum=1+2+5+10=18.
AT a1 = AZ,a, = ASee. g =~
IqE Sifd BT © b I8 =1 oTqd Sl A, Aze..ee Ac® foIT §g S
1 1 1
—t— .. —=
Al A2 Ak
k=2 forg 78 W & 5 98 Ay, A Bl Gemel @ forg Rieme 78 & —+—- —1= 2 o)
1 2
H&AT Tl B |
1 1 1

k=3$f%'l'§’ E+§+g:1333ﬂ'—°@m%

1&[55%):1:4%% e

2 223
fn) = n(n+5);f(n+5): (n+5)(n+10)
2 2
f(n+5): n+10:1+ 10
f(n) n n

S f n=1,2,53R10% fog qorie 2
JBAI =1+ 2+ 5+ 10 = 18.
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13. Each of the numbers X, Xz,.......... X101 Is £1. What is the smallest positive value of Z Xjxj ?
1<i<j<101
X1, X2peeennnnn X101 § 8 Th G=IT +1 8| Z xixijWWWT%?
1<i<j<101

Sol.  (10)

Let S= > xx

1<i <j<10
We have
(X + Xy + Xg FerreeeXyoy ) = XA XE X+ v +x2,, +2S

101 2 101
= ZSZ(ZXJ -y %
i=1 i=1
Since we have xi=+1, So x> =1

101 \?
So2S= (in] -101
i=1

101
Since ) x will be an integer
i=1

101 \?
So (Z xi] will be a perfect square.
i=1

101 )2
For smallest positive S ; (Z xi] must be the smallest perfect square greater than 101.
i=1

101 \2
So (Z Xi] =121
-1

101
= »'x =1lor-11

i=1
We can verify that the desired sum can be achieved by putting 45 xi’s to be —1 and 56 xi's to be 1
So0,2S=121-101=20

=S=10
A S = z XX;
1<i<j<10
Jgf
(X, +X, + X, + X X2+ x2+x2+ +x2, +2S
LFXy + Xy F w01) =XEHXeHXE H .

s9fery 2S = (ixif -101

101

Zfb in qurics BT
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14.

Sol.

Tt [zx]qm‘ o

101

qwms%W;Ein] , 101 9 9 |99 Bidt gt o A B

i=1
101 2
ENIEN (Z xi] =121
i=1
101

= in =11 or-11

Ig @ O oa fRar S Ghdr 2 IS ANTHA Bl 45 Xi's, —1 81 3R 56 Xi's , 1 &
g9fery, 2S =121 — 101 = 20
=S=10

Find the smallest positive integer n > 10 such that n + 6 is a prime and 9n + 7 is a perfect square.
U1 e BIC] 891 d QUi n > 10 S BRI STl N + 6 39T 81 3R 9n + 7 U goi a3 &1 |

(53)

Since 9n + 7 is a perfect square

Let us assume that 9n + 7 = m?

Also n + 6 is a prime number = n + 6 must be odd number
= n also must be an odd number
SolLetusassumen=2k+1 ...(ii) where k is an Integer
92k+1)+7=m?

= 18 k=m?-16

=18k=(mMm+4) (m-4) .. (iii)

Since 18k is even and m+4 and m—4 both are of some parity = m must also be even.
say m = 2p, where p is an Integer

Substituting in (iii)

18k=(2p+4)(2p—-4)=4(p+2)(p-2)
=9%=2p+2)(p-2)

= k must be even, say k = 2/ where 7 is an Integer
18/=2(p+2)(p-2)

=>9=(p+2)(p-2)

= p must be of the form 9q + 2 or 9q — 2, where g is an Integer
Firsttake p=9q—-2=m=2(99 - 2)
Takeq=1,m=2x7=14=m?=196
IN+7=196=9n=189=n=21

= n + 6 = 27 which is not prime

Nexttake p=9g+2 = m=2(9q + 2)
Takeq=1=m=2x11=22=m?=484
ON+7=484=9n =477 = n=53
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= n + 6 = 59 which is a prime
So n =53 is the smallest such number

Ffd on+ 7 7P ol 97 §

A fF On+7=m? ... (i) ST&t m U gories & qen

N+ 6 U T &1 8 gD YOI > 10 & fIg = n + 6 faww Fw&m sl
= n ¥ fav\ dE gl

e AMT f6 n=2k + 1 ....(i1) 181 k & oI @
92k + 1) + 7 =m?

= 18k =m? - 16

— 18k = (M + 4) (M — 4) .....(iii)

Tfd 18k §H B TAUT M+4 AR M—4 SHI TP & UBR & & = m F9 B
AT f& m = 2p, S8l p S PIid ©

(iii) § e R

18k=02p+4)(2p—-4)=4(p+2)(p-2)

=9%=2(p+2)(p-2)

= k9 B A 6 k = 2¢ 5@l ¢ guite B

18/=2(p+2) (p-2)

>UW=pP+2)(p-2)

= p®H ®Y 9q+2AT9q— 2D ®I H 8N, W&l q Vb YOI 2

Ugd p=9q -2 R =m=2p=2(9q-2)

gq=1°1 ®,m=2x7=14=m?=196

ON+7=19%6=9n=189 =n=21
—n+6=27% & 3oy T8 B

AT p=9g+2°H W=m=2p=2(9q +2)
q=1ad9 W=m=2x%x11=22 =>m?2=484

ON+7=484 =9n =477 =>n=53
= n+6=59 5 fh I¥T B

3IfIT N = 53 G BIC) 39 YR & AT ©

15. In how many ways can a pair of parallel diagonals of a regular polygon of 10 sides be selected
fafid cuys & Ravf & W& fFa IR g9 o 9ad & e & 91 el aamaR & 2
Sol.  (45)
If we take gap of 2 sides then from figure shown we have *C, ways

We can start with 1, 2, 3, 4, 5 so 5x *C, =5x6 = 30 ways
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N
©

6 7
Now take 1 with 4 (gap of 3 sides) then we have 3 diagonals which are 14, 510, 69 so we have
’C, ways
We can start with 1, 2, 3, 4,550 5x °C, =5x3= 15 ways
Ife form | <1 yonell &1 iR foram o & 9 ‘C, W

gfd 89 1,2,3,4,59 YHIAW B & 09 5x ‘C, =5x6 = 30 T

2 1

w
=
o

6 7
39 1P 4 (3YST3i Bl 3R oid 8 1) T9 3 R0l S i 14, 510, 69 F 8 & TWs °C,
89 1,2 3,4,5% 91Y YHIAT HR Fhd ¢ | $9feY 5x°C, =5x3= 15 RNIb

16. A pen costs Rs. 13 and a note book costs Rs. 17. A school spends exactly Rs. 10000 in the year
2017-18 to buy x pens and y note books such that x and y are as close as possible (i.e. [x —y| is
minimum). Next year, in 2018-19, the school spends a little more than Rs. 10000 and buys y pens
and x note books. How much more did the school pay ?

Th U P I ®. 138 d US Ul B I 6. 17 B U W 2017-18 H x U &R y HIff

TRIgT H 316 . 10000 @9 xRl &, W 6 x 9 y {51 & 9 S0 949 & (@1 & |x - y|
JFaH B) el AT, 2018-19 ¥, Wl ®. 10000 ¥ oIS T @d xRl 8, IR y U9 d x Bt
TRIGT ¢ | ¥hel o fbaen samer @4 fear 2

Ans  (40)
Sol. 13x + 17y = 10000
17x + 13y = 10000 + a
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0

\ y—-x=0

10000

= /B [1000 1000]
33

17.

Ans
Sol.

(@] A 000 ’ Oj
[ 13

. = 1000017y
13

y =329

X = 339

— 10040

Find the number of ordered triples (a,b,c) of positive integers such that 30a + 50b + 70c = 343.
gATHS QUNl & V4 fhad $HIR Fg=ad (a,b,c) & fa forg 30a + 50b + 70c < 343 B |

(30)

30a + 50b + 70c < 343
= 3a+5b+7c<34.3
= 3a+5b+7c<34

a,b,ceN, a=1+p, b=1+q, c=1+r

3p+5gq+7r<19

Ifr=0,

g = 0= p can take 7 values

g =1 = p can take 5 values

g =2 = p can take 4 values

g = 3 = p can take 2 values

— 18 values

If r=1then3p +5q<12

g = 0 = p can take 5 values

g =1 = p can take 3 values

g =2 = p can take 1 values
= 9values

Ifr=2then3p+5q<5

g = 0 = p can take 2 values

g =1 = p cantake 1value
= 3values

Total 18 + 9 + 3 = 30 values

30a + 50b + 70c < 343

= 3a+5b+7c<34.3

= 3a+5b+7c<34
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a,b,ceN, a=1+p, b=1+q, c=1+r
3p+5q+7r<19
g r=0,

q=0=p, 7 A o FHT ¥ |
q=1=p, 57 o FHdT ¥ |
q=2=p, 49 o &I T |
q=3=p,2 A o &I T |
= 18 A1
IfEr=1d93p+5q<12
q=0=p, 58 o Fhdl 2 |
q=1=p, 39 o Thdl 2|
q=2=p, 1 99 o HHdT 2|
= 9#HH
Ifqr=2aT@3p+5q<5
q=0=p, 289 o Thdl 2|
q=1=p, 1 99 o HHdT 2 |
= 3HMH
@l 18 + 9 + 3 =30 A1

18. How many ordered pairs (a, b) of positive integers with a < b and 100 = a,b <1000 satisfy gcd
(a,b) :lem (a,b) =1:495?.
gTHS Uil & V4 fhds $9aR SIS (a, b) € Wef a < b g 100 < a,b <1000 iR f57a forg ged

(a,b):lcm (ab) = 1: 4957 (I8l gcd = HETH FHAMES : lcm = FH. THIH FHUT)

Sol.  (20)

ab = (gcd)?.32.5.11

(g;';‘d %) -32511

a b

(s00) (01) o

3? 511 12,13,....18 (100 = a,b =1000)

5 3211 novalue 1§ A9 T8 (100 < a,b <1000)

11 325 10, 11....22 (100 = a,b =1000)

1 32.5.11 novalue ®1§ AF T8l (100 < a,b <1000)
g4aferv so 7 + 13 = 20 94 values
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19.

Ans

Sol.

20.

Ans
Sol.

Let AB be a diameter of a circle and let C be a point on the segment AB such that AC:CB=6:7.
Let D be a point on the circle such that DC is perpendicular to AB. Let DE be the diameter through
D. If [XYZ] denotes the area of the triangle XYZ. Find [ABD]/[CDE] to the nearest integer.

9 &l f5 AB U& gd &1 &9 & AR AM @ fd C Y@rgs AB R b fig @ Rt fb AC: CB =6
7219 A &5 Dgd R Us vl g & f5 DC @S AB R &9 g | 99 &l f& DE fdg D 4 T[oiRa
B3N gd &1 N 2 | 3R [XYZ] | §ART Aded 3 XYZ &1 &% & a1 [ABD]/[CDE] &1 9 |a¥

TG QUi T S BRI |

(13)
A
12r
13
CD=]Ir
tana:;:sina:;
J12x14 J12x14+1
g—g=sina= . cpP = L
cp = r12x14
13\/12X14+1
1 r
—(2r)><—\/12x14
|ABD|_ _2™" 13 = J12x14+1-13
[CDE| 15, 1 N12x14
2 13 12x14 +1

Consider the set E of all natural numbers n such that when divided by 11,12,13 respectively, the
remainders, in that order, are distinct prime numbers in an arithmetic progression. If N is the
largest number in E, find the sum of digits of N.

79 &1 {6 E VAl urepfis Sl n @1 dgey @ [ 11,12,13 ¥ 91 °F R e arel 9y O
SFT—IFET AT AT & S S B § FAR 201 H 8 | 3R N 99=ad E &1 999 g1 9T 2
A N 3D BT AW A B |

Bonus
N can be of the type (11 x 12 x 13 x A ) + 29 (where A belongs to integer) so there no largest

value.

N & JBR (11 x 12 x 13 x 1) + 29 (W&l A Qlids ) saferq ifdrwas quiies A & |
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21, Consider the set E = {5,6,7,8,9}. For any partition {A,B} of E, with both A and B non empty.
Consider the number obtained by adding the product of elements of A to the product of elements
of B. Let N be the largest prime number among these numbers. Find the sum of the digits of N.
H9=ad E = {5,6,7,8,9} &1 @I | E & {0 ) fawro {AB} & fog, oigf A R B I aiRaa &, A &
o™ & A B B & G B PGS A AN o R Fe el d@ @1 |l N s |9
Tl § e IST M B | N 3l (digits) BT I ST T |

Sol. (17)
one of the set A or set B contain only odd number
agead A 91 ST B ¥ dad U 9wy o Qvd de 8 9adl g |

set A set B Comment

Case | 5 6,7,8,9 5+6x%7x8x9=23029

Which is divisible by 13

I 7 5,6,8,9 7+5x6x8x9=2167

Which is divisible by 11
1] 9 5,6,7,8 9+5x6x7x8 is multiple of 3

v 57 6,8,9 5x 7+ 6 x 8x 9 =467 which is prime

\% 59 6,7,8 5x9+6x7x8 isdivisible by 3
Vi 7,9 5,6,8 7%x9+5x 6 x 8is divisible by 3
Vi 57,9 6,8 5x7x9+6 x 8is divisible by 3

Hence N is 467
Sum of the digit of N is 17

e | A qT®
A B
Rerfa | 5 6,7,8,9 5+6x7x8x9=3029
S f5 139 fofora B
I 7 5,6,8,9 7+5x6x8x9=2167
S f 119 fofora B
i 9 5,6,7,8 9+5x6x7x8, 3% O B |
v 5,7 6,8,9 5x7+6x8x9=467 < f& amry
=l
Y 5,9 6,7,8 5x9+6x7x8,39 fawfya 2|
VI 7,9 5,6,8 7x9+5x6x8 37 fawfod g1
VI 5,7,9 6,8 5x7x9+6x8, 39 fawfora 2|

3rd: N &1 |19 467 2 |
N & 3Pl BT IThH 17 8 |
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22.  Whatis the greatest integer not exceeding the sum 21599 1

n=1 [n
YA TR TS PID S DR S AT Znggiﬁatﬂ:n%?l

n=1 \/ﬁ

Sol.  (78)

1600 « 1599 1599

d 1 dx

1 ﬁ< r%:lﬁ<l+ { ﬁ
1600 1299 1 1599

‘2\/;‘1 < Eﬁ<l+‘2&‘l

1599

1
78 < —— < 241599 -1
2 G52

1599
78 < Z . <7897.....

n=1 \/H

[1529:9 1 ]

= — =78

n

23. Let ABCD be a convex cyclic quadrilateral. Suppose P is a point in the plane of the quadrilateral
such that the sum of its distances from the vertices of ABCD is the least. If {PA, PB, PC, PD} = {3,
4,6, 8}
What is the maximum possible area of ABCD ?
A @1 f% ABCD U@ Swid (convex) afEd (cyclic) agist & | @19 o f& P Igvel & aa 9 v fdg
2 fSwa agist ABCD & @fisf & gRai &1 I =¥ & | 3R {PA, PB, PC, PD} = {3, 4, 6, 8}
Al ABCD 1 SifIdhad §9d &% fdhaer 8 2

Ans  (55)
Sol. P must be point of intersection of diagonals AC and BD

Let ZAPB = 0, then

area of APAB = %x 3 x4 xsind
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area of APAD = %x 3 x 6 % sin(m—0)
area of APDC = %x 8 x 6 x sind

area of APCB = %x 8 x 4 x sin(n — 0)
= area of quadrilateral ABCD is
%(12 + 18 + 48 + 32) sin6

=(6+9+24+16)sin6
Maximum area of quadrilateral ABCD is 6 + 9 + 24 + 16 = 55.

P, fd@vi AC 3R BD &1 ufi=ss fd=g |

LIS ZAPB =0, 9

APAB?FI?HW=%X3X4XSin9
APAD &1 &I3%hd = %XSxﬁxsin(n—e)
APDC &1 &/3%d = %><8><6><sin9

APCB &1 &3 dl = %X8X4><Sin(n—9)
= TS ABCD 1 &3thel
%(12+18+48+32)sin6=(6+9+24+16)sin9

FGYS ABCD &1 31dHcH &%d 6 + 9 + 24 + 16 = 55,

24, A 1xn rectangle (n 21) is divided into n unit (1x1) squares. Each square of this rectangle is
coloured red, blue or green. Let f(n) be the number of colourings of the rectangle in which there
are an even number of red squares. What is the largest prime factor of f(9) / f(3) ? (The number of
red squares can be zero)

UH 1xn AT (N 21) DI n 3B1s (Ix1) T § §fc I 2| 39 AT B &R 9 DI Tl Alell I &7 A
Td B AM o & f(n) 98 d@=1 8 fae a9 U [ 96 & 6 A [ @ (dl B G 9\

B | f(9) / f(3) BT FIW TST MY OIS T & ? (AT I B F&AT Y 8 Al 2 |)
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Sol. (37
f(n) = "Co 2" + "Cp2™2 + "Ca 24 +.............
NOW 3Td (2 + 1) = "Co2" + "C12™ + "Co2"2 + "Ca 2M3 +............. (1)
(2 = 1)" = "Co2" —"C12™L + "Cp2"2 —"Ca 2™ +............ )

add (1) and (2)
(1) T (2) BT ST W

3N+ 1=2["Co2" +"Co2™2 + "Ca2"4 + ... ]
n
(n) = 3 +1
9 3
9) = 3 +1,f(3): 3°+1
2
f9) _ 3% +1_

f3) 33+1
= Largest prime factor is 37.

ANAFHTH ST ToHEvS 37 B |

3¥-3%+1=703=19 x 37

25. A village has a circular wall around it, and the wall has four gates pointing north, south east and
west. A tree stands outside the village, 16m north of the north gate, and it can be just seen
appearing on the horizon from a point 48 m east of the south gate. What is the diameter in meters,
of the wall that surrounds the village ?

THh T & IRI WH T Mo GaR 2 forad 9, 9Re¥, SR 9 SR o "% IR §R 2| Tia &
IER M UH US Saik §R @ 16 HI. Sak H © AR 98 Sfem gR & 48 #l. R9 R g 4 ¥4
frforsT oR IURAT goTT ofieT W1 fIWs qal B | T B ORIl g% QAR BT A H AN RT & 7

Sol.  (48)

Let radius equals to r

a7 Brear r 2

AB = JAO? 0B = [(16 +1)’ —r* = 256+ 32r

AD? + CD? = AC?
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= (48)? + (2r + 16)° = (48+ /256 +32r |
=12 + 8r = 24256 1 321

=r(r+8) =24x 42 r+8

=rr+8 = 24«/33

=>r=24

Diameter equal to 48
T 48 B SNIN B |

26. Positive integers X, y, z satisfy xy + z = 160. Compute the smallest possible value of x + yz.
SFTHS QU X, Yy, z FHBROT Xy + 2 = 160 Bl FYET XA & | X + yz BT FATH GHI A AT B [
Sol.  (50)
160—=

X+YyzZ = +yz

@+%(y2 -1) (160-2) 2* 160-2

y y y y y
At particle value of =z it is greater

than equal to 2, f—z(lGO -z)
= least value is 2, /-z-(160 -z)

but integer also
Now least for least value =z is also
Case |

+2y

159
Z =1,x+y Z2=—+y

y
= minimum value is at y = 3 which is 56
Case Il
158

Z=2,X+tyZz = —+2y
y

= minimum value at y = 2 which is 83 (rejected)
Case Il

Z2=3, Xty Z :E+3y
y

= minimum at y = 1 which is 160 (rejected)
Case IV

Zz2=4,X+y Zz = @+4y
= minimum at y = 6 which is 50 (accept)
Case V
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Z2=5Xx+y 2z =@+5y

minimum value at y = 5 which is 56 (reject)
Case VI

Z2=6, Xty 2 :@+6y22\/924 >50
y

similarly in all the cases minimum value is greater than 50. then answer is 50

Hindix+yz-=160_-;'L

+yz

160 Z(y*-1) (160-2) 2" 160-z

y y y y y
Z bI Uh HIT

2[z(160-2) & d=1 &M
= AdH A1 2, f—z—(lGO—-;_L)

W] qoied A
T z B FATH W YAGH A B g

Rerfy |

159
Z =1, x+ty 2z ="—+Yy
y

=y =3 W JAqH q1 56 &
Rerfar 11

Z=2,X+tyzZz = @+2y
y

=y =2 W Y9 1 83 & (SRATHI)
Rerfa 1l

Z2=3, Xty Z =E+3y
y

=y=1WR TgIaq A 160 T (HR)
Rerfa IV

Zz=4,X+y 2 :ﬁ+4y
y

=y =6 YAdH AF 50 7 (WHr)
Rerfa v

Z=5X+y 2 :§+5y
y

y =5 AdH A9 56 T (SRATHR)
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Rerfa VI

Z2=6, Xty 2 =g+6y22\/924 >50
y

X TR wH ReftRll # =gaw AF 50 9 991 8 99 SR 50 ®

27. We will say that a rearrangement of the letters of a word has no fixed letters if. When the
rearrangement is placed directly below the word, no column has the same letter repeated. For
instance, H B R A T A is a rearrangement with no fixed letters of B H A R A T. How many
distinguishable rearrangement with no fixed letters does B H A R A T have ? (The two A’s are
considered identical)

&9 Beil fb fell g & Rl & o799y § B3 ReR R E ® R, 9 &7 $HAT Bl I B b
T ford, a1 felt ft W9 # U@ & &R SR A 1 S8 T8 B o f[F I BHARAT®
AT HBRATAH ®1S ReR R 781 81 BHARA T & 3cl-3¥el W fha &gy & R
P13 Rer 3R 98 8 2 (F&f a1 f6 4 AH ®18 A 781 B )

Sol. (84)
Let use assume the 2A's to A1 and Az

BHA1 RAT
Number of rearrangements of these 6.
1 1 1 1 1
=6 =——=+———=+-—=|=265
Bk G

Let P be the set when Az occupies place of A1 and 6 be the set when A: occupies place of Az

n(P) = 53, n(Q) = 53

nnnQ)=9
Hence required arrangements

% (265 — n(P U Q))

% (265 — 106 + 9)

= @ =84
2
AT f6 2A's 39 UHR A1 3R Az
BHA1 RA:T

39 6 3 YA aweieR B F&T

HMET P U A9ead & Od Az, Aid RIF TR IATAT 8 AR 0 Gz & 9 Ar, Ao® IF W 3Tl 8
n(P) = 53, n(Q) =53
nnnQ)=9

3 IS HHY

= % (265 — n(P U Q))
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= %(265—106+9)
= @:84
2

28. Let ABC be a triangle with sides 51, 52, 53. Let €2 denote the incircle of AABC. Draw tangents to

Qwhich are parallel to the sides of ABC. Let ry,r2,rs be the inradii of the three corner triangles so
formed. Find the largest integer that does not exceed r1 + r2 + rs.

79 & f& ABC t& s & forgast qameli &1 719 51, 52, 53 2| 99 & f& Q S AABC & 3i:

I Bl Q & 98 WP TSl A fF ABC @1 qoiell & GAMR & | 99 o fF dE ) §9 A=

Sl @1 ST 11,r2,r3 ¥ | YT ARABTH qUITs BT B9 SN ra+ 2+ rsd A & AT A & ?
Ans  (15)

A
P Q
Sol.

B C
Let PQ be one of the required tangents is parallel to BC and meets sides AB and AC at P and Q
respectively.
Further Let PQ =X

and BC =51

Now AABC is similar to AAPQ so X-h
a r

Similarly y_2
6 r
Hence LRRERTT: _ ARRiEee
r a b c
Now §= h 2] where h is altitude
XKogo 28 -2
a S.2A S
25 _g. atbtc_,
a s
SO r+r2+r3=r
Now 1= [PB@N(26)25)
78
_ [3%522.13
2.3.13
= {3252 —15
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:A
P Q
Sol.
B C
AET PQ WY W& § | TP WYl YW1 8 S BC & FAMGR & a1 AB 3R AC &1 HHI: P iR Q W
forerch @
LIS Let PQ =x
IR BC=51

29.

Ans
Sol.

319 AABC, AAPQ & ey & X =11
a

9l UPR y_2
6 r
- h+lh+l Xy Z
r a b c
X h-=2r
379 2=
a h
i:l_z_A, =1-=
a S.2A
Y Xog.atbe_,
a S
QQ‘I?'IQ +r2+r3=r
- [ = 78(27)(26)(25)
78
_ [3%522.13
2.3.13

= {3252 =15

In a triangle ABC, the median AD (with D on BC) and the angle bisector BE (with E on AC) are
perpendicular to each other. If AD = 7 and BE = 9, find the integer nearest to the area of triangle

ABC

& Y ABC # #fega®1 AD (S8l D 4o BC W &) R Ho—wHgareaid BE (S8l E Yo AC W B)

TR | MR AD=7dBE=9d ABC® &3%hd & Had BRIl qUiich &1 A9 ST B |

(47)
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Il

B D
Let AD and BE meet at F

Now ZABF = ZFBD = % and ZAFB = #BFD =30° and BF is common to triangles ABF and BFD

hence the two triangles are

Cengruent so AF = FD= g

Also, AB=BD, = AB:BC=1:2
=>AE:EC=1:2
So area of triangle ABC = 3(Area of AABE)

3[%><AF>< BEj

199 4725

EXZXQ
2 2

Hence nearest integer = 47
Sol.

A

B D
AT AD iR BE fag F wR fied 2

319 /ABF = /FBD = % 3R Z/AFB = /BFD =30° 3iR BF s ABF &R BFD # S®If@ @

3 aFI Pyl a2

W%QAF=FD=%

de, AB=BD, = AB:BC=1:2
=AE:EC=1:2
351 ABC &1 &F%d = 3(F1st AABE &1 &% d)

3(%><AF>< BEj

_189

:EXZXQ =47.25
2 2

3rat: e qorie = 47
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30.

Ans
Sol.

Sol.

Let E denote the set of all natural numbers n such that 3 < n < 100 and the set {1, 2, 3,....,n } can
be partitioned in to 3 subsets with equal sums. Find the number of elements of E.

M A1 {6 E U grepfae Sl n $1 9w @ o fofg 3 < n < 100 iR e forg wq== {1, 2,
3,...,n } @ W AN Suwgedl 9 fawiioa fa1 o1 wdar @ f9e In SRR B E & 9edl @
G S BRI |

(64)

{1,2........... n}

This set can be partitioned into 3 subsets with equal sums so total sum is divisible by 3 ,
n(n+1)

. is divisible by 3.

So n will be of the form 3 A, 3L + 2

or for convenience we can take n = 6\, 6A +2, 61 +3, 6A +5

If n = 6\ then we can group numbers in bundles of 6.

In each bundle we can select numbers like 1, 2, 3, 4, 5, 6 (16, 25, 34)

If n = 6L + 2 then we can club last bundle of 8 numbers rest can be partitioned and those 8
numbers can be done 1, 2, 3, 4, 5, 6, 7, 8 (1236, 48)

If n =6XA + 3, we can club last nine numbers and rest can be partitioned 1, 2, 3,4,5,6,7,8,9
(12345, 69, 78)

If n=6XA + 5 we can take last five numbers. Rest can be partitioned 1, 2, 3, 4, 5 (14, 23, 5)
Hence we can select any number of form 6A(16), 61 + 2(16), 61 + 3(16), 6A + 5(16)

so total 64 numbers.

9 99Ty Pl 3 Iuqged § AW fbar S 8 S Ahd H SRR B S|y g ANhd 3 9
o &

N+1) 5y fefr 2
D, .

S9fTT n &1 w3 A, 3) + 2 BT BN

a1 g & g &9 n = 61, 6 +2, 6A +3, 61 +5 o HU B

i n = 6079 3 AR B 6 T H forg dAHd B

TS g8 H g Ts wAN fo@ wad ® 1, 2, 3, 4, 5, 6 (16, 25, 34)

afg n =6 + 2 q9 39 8 AR & 3=y Wl # fOIfora fosan 1 wavar B | den 9 8 Sy 1 a_E
f& &1 |&dl 81, 2,3,4,5,6,7, 8 (1236, 48)

IfE n = 6A + 3, B A9 9 FEWI BT TH AY W@ Fhd & a7 Y T B I9fora e dahd
21,2,3,4,5,6,7,8,9

(12345, 69, 78)
A n =61 +5 89 ATH 5 TN of Ahd 2 3R Y G3N &T faufog &) 9ad 8 1, 2, 3, 4, 5

(14, 23, 5)
3A: 89 60(16), 61 + 2(16), 61 + 3(16), 6) + 5(16) B FT B! fHAI W T BT o Fhd @ AN FA

64 TN B |
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