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INSTRUCTION

Number of Questions : 30 Max. Marks : 102

1. Use of mobile phones, smartphones, ipads, calculators, programmable wrist watches is
STRICTLY PROHIBITED. Only ordinary pens and pencils are allowed inside the
examination hall.

2. The cirrection is done by machine through scanning. On OMR sheet, darken bubbles
completely with a black pencil or a black blue pen. Darken the bubbles completely only
after you are sure of your answer : else, erasing lead to the OMR sheet getting damaged
and the machine may not be able to read the answer.

3. The name , email addredd.a and date of birth entered on the OMR sheet will be your login
credentials for accessing your PROME score.

Incomplete /incorrectly and craelessly filled information may disqualify your candidature.
Each quaestion has a one or two digit number as answer. The first diagram below shows
improper and proper way of darkening the bubble with detailed instructions. The second
diagram shows how to mark a 2-digit number and a 1-digit number.
INSTRUCTIONS Q.1 Q2
;'. MT:::‘H:‘:':.E;“; ::n; with Blue/Black Ball Point Pen anly. ] DH 5 [
3. Darken only one circle for each question as shown in M| |-
Exampie Below d OO | O
WRONG METHODS CORRECT METHOD D [ ]en)
=& ® o ® 0o o | oo| |o@
4 If mors than one circle is darkened or If the response is -0 oo
markad in any other way as shown “WRONG" above, it shall o= O
be treated as wrong way of marking. . ) ti_-j )
5, gi-keml.-‘u: marks only in the spaces Plﬂ"i::di;m OMR without ] D
i r off the duplicate b
© m:nr;eﬁ'xgﬁne Dr:gin;i uplesie ooy ) . e ] O
7. Please do not make any stray marks on the answer sheet. “ @ oD

6. The answer you write on OMR sheet is irrelevant. The darken bubble will be considered as
your final answer.

7. Questions 1 to 6 carry 2 marks each : Questions 7 to 21 carry 3 marks each : Questions
22 to 30 carry 5 marks each.

All questions are compulsory.
There are no negative marks.

10. Do all rough work in the space provided below for it. You also have pages at the end of the
guestion paper to continue with rough work.

11. After the exam, you may take away the Candidate’s copy of the OMR sheet.

12. Preserve your copy of OMR sheet till the end of current olympiad season. You will need it
further for verification purposes.

13. You may take away the question paper after the examination.
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1. A book is published in three volumes, the pages being numbered from 1 onwards. The page

numbers are continued from the first volume to the second volume to the third. The number of
pages in the second volume is 50 more than that in the first volume, and the number pages in the
third volume is one and a half times that in the second. The sum of the page numbers on the first
pages of the three volumes is 1709. If n is the last page number, what is the largest prime factor of

n?

T YIS OF GUEl § YRR B, R Gl IS W& 1 ¥ Y BNl 2| SR WS B TS G Uge
TS P AN W YH Bl 8 G AR DI TR P N A | TN TS H Tgal TS ¥ 50 0w 7 &, 9
TR @ # R W S T US 2| AH S B YUH TS B g FE&IT BT A 1709 B | TR n

Jifr g | 2, A1 n @1 RAFIRTa = aTell 999 991 1S 6T didl § ?

Sol. (17

Let the number of pages in volume-1 be x

Number of pages in second volume = x + 50

Number of pages in third volume = g(x + 50)

Moreover 1+(x+1)+(2x+51)=1709

= 3x+53=1709 = = x = 552

So n =552 + 602 + 903 = 2057

So n=11%x 17

Hence largest prime factor of n = 17

Hindi : AT ¥F-1 H gsi @l dem x 2 |

AW 1 H gOf @ G4 = X + 50

ﬂm‘cﬁﬂﬁq&‘faﬁﬁw:g(x+50)

SR 1+(x+1)+(2x+51)=1709

= 3x+53=1709 = = x =552

39feTT n =552 + 602 + 903 = 2057

SEfTT n=11°x 17

3d: N BT DA TG YOHAETS = 17
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2. In a quadrilateral ABCD, it is given that AB = AD = 13, BC = CD = 20, BD = 24. If r is the radius of
the circle inscribable in the quadrilateral, then what is the integer closestto r ?

T agye ABCD ¥ 3 fam gam & f& AB = AD = 13, BC =CD =20, BD =24 2| I r 39 =q4T &
IR TN W1 W dTel 3 g B Foa1 8, @1 r ¥ Mwedd guie &1 A9 a1 811 ?

Sol.  (8)

D 20

/20

N
A

13 B

Area of ABCD = Area of AABD + Area of ABCD

= J25x12x12x1+ +/32x8x12x12

=60 + 192 = 252

Area _ 252 84 _—

7.64

Indadius(r) =

semi—perimeter 33 11

Hence integer nearesttoris 8

Educating for better tomorrow

Toll Free : 1800 258 5555 | CIN: U80302RJ2007PLC024029

D 20 C
Hindi :
indi /0
13
\ A/
A 13 B
ABCD &T &i9%d = AABD &1 &IF%d + ABCD &1 & 5%hel
= J25x12x12x1+ /32x8x12x12
=60+ 192 = 252
BT 252 84 _—
o=t B () = = =— =7.64
") g gRarg 33 11
3 r & fAdedd quite 8 |
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Sol.

Hindi :

Consider all 6-digit numbers of the form abccba where b is odd. Determine the number of all such

6-digit numbers that are divisible by 7.
VA 6-3(d1 P! WA abecba & IR H Al RH b favw 81 =AY fHah 6-3f@i @1 Gwme g S

& 7 fawfoa &1 orh 8 2

(70)

abccba (b is odd)

= a(10° + 1) + b(10* + 10) + c(10° + 10%)

= a (1001 — 1) 100 + a + 10b(1001) + (100) (11) ¢

= (7.11.13.100)a — 99a + 10b(7.11.13) + (98 + 2)(11)c

= 7p + (c — a) where p is an integer

Now if ¢ — a is a multiple of 7

c—-a=7,0 -7

Hence number of ordered pairs of (a, c) is 14

since b is odd

Number of such number =

abccba (b fawH 2)

14x5=70

= a(10° + 1) + b(10* + 10) + c(10° + 10%)

= a (1001 — 1) 100 + a + 10b(1001) + (100) (11) ¢

= (7.11.13.100)a — 99a + 10b(7.11.13) + (98 + 2)(11)c

=7p+ (c—a) &l p TP OIS ©

9 afd c—a, 7F IS B

c—-a=7,0 -7

AT (a, €) P BT T B T = 14

f% b faws 2|

T UHR B &1 = 14 x 5= 70
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4, The equation 166 x 56 = 8590 is valid in some base b >10 (that is 1,6,5,8,9,0 are digits in base b
in the above equation). Find the sum of all possible values of b >10 satisfying the equation.
TAHIHRUT 166 x 56 = 8590 fheft 3MeR (base) b >10 # I& & (Ada9 & 1,6,5,8,9,0 MR (base) b |

3id g) VA 9l T Eenell b > 10 &1 AW T BRI P
Sol. (12

166 = b?+6b + 6
56 = 5b + 6
8590 = 8b° + 5b% + 9b
Now (b®+ 6b+6) (5b + 6) = 8b° + 5b? + 9b
= 5b° + 36b” + 66b + 36 = 8b° + 5b° + 9b
= 3b® - 31b° - 57b—36 =0
= (b—12) (36> +5b+3)=0
= b=12
We have only one b which is 12
Sosum =12
Hindi : 166 = b® + 6b + 6
56 = 5b + 6
8590 = 8b® + 5b% + 9b
9 (b + 6b + 6) (5b + 6) = 8b° + 5b® + 9b
= 5b% + 36b” + 66b + 36 = 8b® + 5b* + 9b
= 3b® - 31b° - 57b-36=0
= (b—12) (3b*+5b+3)=0
= b=12
b ®T dde b AN 127 |

37d: ANTHA = 12
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Sol.

Hindi :

Let ABCD be a trapezium in which AB || CD and AD 1 AB. Suppose ABCD has an incircle which

touches AB at Q and CD at P. Given that PC = 36 and QB = 49, Find PQ.

ABCD U% dqad agqsl & forad f& AB || CD @ AD L AB 9 @l f& 59 agqsl &1 Us 3ia: g AB
AQHICDH PH fActar 81 "R PC =369 QB =49 dl PQ & A9 &1 BIIT ?

(84)

D r P36 C

A r Q S 49

Let incircle touch BC at R

So CR =36,BR =49

Further let inradius = r

So AQ=PD=r&AD =2r

Let perpendicular from C meet AD at S

So BS =13, BC =85

Now (CS)*=85°—13%=98 x 72 =49 x 144
So CS=7x%x12=84

Hence PQ = 84

D r P36 C

Ay é S 49
AT JTgged BC H1 R R w2} & 2|
gafely CR =36, BR =49

g HET 3 B =

Corporate Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar
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Sol.

Hindi :

gdfelt AQ=PD=r&AD=2r

AT CH o9 AD P S R fierdr 2|

gafev BS = 13, BC =85

9 (CS)? = 852 — 132

=98 x72=49 x 144

So CS=7x12=84

3 PQ = 84

Integers a, b, ¢ satisfy a + b —c = 1 and a® + b> — ¢? = —1. What is the sum of all possible values of

a’+b*+c??

abc e g e ffMa+b-c=19a’+b°—c®>=-1.a°+ b> + > & S M A9 Ava & |

IhT T T B 2
(18)

a+b-c=1, a’+b’-c’=-1

a+b-1=c

—a’+b’+1+2ab-2(a+hb)=c’ = ab=a+b =(@-1)(b-1)=1

So a-1=b-1=#1

=a=b=2ora=b=0

So c=3(whena=b=2)orc=-1(whena=b=0)

Hence a®+b’+c*=170r1 .. Sum =18

a+b-c=1, a*+b’-c’=-1

a+b-1=c

—a’+b’+1+2ab-2(a+hb)=c’ = ab=a+b =(@-1)(b-1)=1

gafelt a—-1=b-1=%+1

=a=b=2ora=b=0

gafely c=3(Wda=b=2)A c=-1(IF9 a=b=0)

ad: a’+b?+c’=17or1

T = 18
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Sol.

A point P in the interior of a regular hexagon is at distance 8,8,16 units from three consecutive
vertices of the hexagon, respectively. If r is radius of the circumscribed circle of the hexagon, what
is the integer closestto r ?

g P t& T9—veya &1 N fdg 2 iR Yyl & dF FAgd Sl 9 SAS! g4 HA: 8,8 9 16
21 9TR r ¥yl & URI & B &1 A9 8 @ r B I BRG BT qoItd BN |

(14)

Note that CF = 2AB, PA = 2PC & PB = 2PF

Hence APAB is similar to APFC, hence A;P;C & B;P;F are collinear. Let each side of hexagon be

equal tox.

Let Q & R be foot of altitudes from P to base AB & CF respectively. So R is centre of hexagon

2
Now 1>< 3X: 64—X—
3 2 4
2 2
= X—=64——
12 4
ﬁ—64 - x =843
12

Note that circumradius of a regular hexagon = side of regular hexagon
Hence r = 8+/3 ~ 13.856

Hence nearest integer = 14

R ® Corporate Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)- 324005
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E D

f&am a1 8 CF = 2AB, PA = 2PC & PB = 2PF

31d: APAB, APFC & |H®Y & 3T AP;C & B,P:F W@ & | AT Yol & TAd Yol X & IR 2 |

A QUd R, P¥ AB T3 CF R &Hel: e &1 Ulg B, SAfY R Yoyl & &% 2 |

2
B L
2 4
2 2
= X—=64——
12 4
2
= 4L=64
12

fean w8 wHueys @ uREFrsan = qHveys @1 goT

3T r=8+/3 ~ 13.856

31 ey gurie = 14

R ® Corporate Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)- 324005
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8. Let AB be a chord of circle with centre O. Let C be a point on the circle such that £~ ABC = 30° and
O lies inside the triangle ABC. Let D be a point on AB such that #DCO = ZOCB = 20°. Find the
measure of £ CDO in degrees.

AB U& 9 & Sia1 8 i@ &= O § | 9l f& C g R e v a5 & et & £ ABC = 30°
g O Y9 ABC & ok 2| wMel f& D 30 AB W & v fig & foww &
/DCO= ZOCB=20° | ZCDO &I A &0 # uar a1 |

Sol.  (80)

Z0CB = 20°
&
Z0BC = 20°
&
Z0BA = 10°
&
Z0AB = 10°
Since /BOC =140 = ZA=70°
&
Z0OAC = 60°
&
ZACD = 40°
Now C is circumcenter of AAOD
as £Z0CD = 2£Z0AD
&

ZAOD = % Z0AD = 20°

R ® Corporate Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)- 324005
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&

«/DOC = ZAOD + ZAOC

=20+60

=80

SN ~0DC = 180 — (/DOC + ~OCD)

= 180 — (80 + 20)

= 80°

Hindi.

Z0CB = 20°
au
ZOBC = 20°
au
ZOBA = 10°
au
ZOAB = 10°
Ffd «BOC = 140 = LA =70°
auan
ZOAC = 60°
auan
ZACD = 40°
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39 C, AAOD &1 uRe—< 2

gfé  £OCD = 2/0AD

ZAOD = % Z0AD = 20°

aun

/DOC = ZAOD + ZAOC
= 20 + 60
= 80

=N ~0DC = 180 — (/DOC + £OCD)
= 180 — (80 + 20)
= 80°

9. Suppose a,b are integers and a + b is a root of x? + ax + b = 0. What is the maximum possible
values of b® ?
AT f% a,b QUG & T21 a + b FHHRU x> + ax + b = 0 BT UH & & | b’ B MDA F=d A4 a1

g7
Sol.  (81)

If “a + b” is a root it satisfies the equation

Hence (a+b)’+a@+b)+b=0

= 2a’+3ba+ (b’+b)=0

Now  since “@” is an integer Discriminant is a perfect square
= 9b? — 8 (b? + b) = p?for same p € Z

= (b - 4)° - 16 = p

= (b—4+b)(b-—4-p)=16
b-4+p=48, b-4-p=42, b—-4+p=b-4-p=+4
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Hindi :

10.

Sol.

So b-4=5-54,-4
- b=9-1,80 = (0%)max = 81

I “a+ b’ B, I8 & TS FHHR P GIE AT 2 |
Ia:  (a+b’+a@+b)+b=0

= 2a’ + 3ba+ (b’+b)=0

39 “a” Uite & fadas, gof @t & |

= 9b? -8 (b*+ b)=p? f&fl pezad forw

= (b - 4)° - 16 = p

= (b—4+b)(b-4-p)=16
b-4+p=48, b-4—-p=+2, b— 4+p=b-4-p=+4

safy b-4=5,-5,4,-4
b=9,-1,80 = (b%)max = 81
In a triangle ABC, the median from B to CA is perpendicular to the median from C to AB. If the

median from A to BC is 30, determine (BC? + CA?+ AB?)/100.
T st ABC § B 9§ CA T @I HIftadl C 1 AB T I HIfedsd] o & | 3R A I BC T& &l

AT P TS 30 8 d (BC? + CA?+ AB?)/100 &1 | ST Nl |

(24)
A
F E
<]
L
: C

D
Let G be centroid, D,E,F be mid-points of BC, CA, AB & M be mid-point of FE.
Let BE = 3x, CF = 3y, given AD = 30
Hence AM=5,GM=5,GD =10,BG=2x, GE=%x,CG =2y, GF =y
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11.

Sol.

Hindi.

Now D is mid-point of hypotenuse of right angle triangle BGC

So D is circum centre of the triangle

SOBD=GD=10= BC =20

Hence 4(x* + y?) = 400 = x* + y* = 100

Now 9(x* + y?) = %{2Bc2 +2AB? — AC? + 2BC? + 2AC? —ABZ}

= 900 x 4 = 4BC? + AB® + AC?

= AB? + AC? = 3600 — 1600 = 2000

AB? +BC? + CA® 2400 _
100 100

Hence 24

There are several tea cups in the kitchen, some with handle and the others without handles. The
number of ways of selecting two cups without a handle and three with a handle is exactly 1200.
What is the maximum possible number of cups in the kitchen ?

fFa § B3 I & FU L, HB H 2SA B, 3R FB H TR | PR T ¥ QA HY {1 g & 9 A=
FY 28 & g4 81 a1 I8 1200 T F fHar o g | fFem # fhan 39 ' 2
(29)

Let cups without handle equals to x & cups with handle equals to y
= *C, x ¥C3= 1200 = 2* x 3 x 5°

X(x2—1) y y(y—lé(y =2) _ 5ty 3 x 52

x=25y=4andx=16,y=5
X +yis maximum when x = 25,y = 4
maximum possible cups equals to 29

AT A1 =S a1l HUI B AT X TAT 278l dTel HUI DY AT y &
= *C, x ¥C3 = 1200 = 2* x 3 x 5°

X(x2—1) y y(y—l()s(y =2) _ 5ty 3% 52

X=25y=4dax=16,y=5
X +y JAfeHTH B o x = 25,y = 4

Ifrpas F=IIfad HY 29 B IV B
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12.

Sol.

Hindi.

Determine the number of 8-tuples (<,,<,,...,€5) such that €;,<,,...,.eg € {1, -1} and
g +2e€, +3 €3 +...+8 ¢
is a multiple of 3.
v fhdq PHHIR—EH =Y (€, €,,...,Sg )% o €,€5,..,6g €E{L-1 T € +2€, +3 €5 +...4+8 5 DI

A9 39 915G B 7

(88)

€1, €2, €3yuevvrenn... €g {1, 1}.

€1+ 2e,+ 3e3+........ + 8eg

== (e1+t4dey4+7e7) +(2e,+5e5+ 8eg) + 3(e3+ 2¢€p)

== (e1+ €4+ €7) +2(ex+es+ €g) +3m (m is an integer)
= (e1— €2) + (e4—€5) +(e7—<g) + 3q (q is an integer)

€1— €,= 2,0, -2 & similarly others

P12 + Pas + Prs + 39 (where pi, =€;— €,

P45 =€4— €5

P7s =€7— €g)

P12 =Pas =P =0 = 8 cases
P12 = Pas = Prg = 2 (Or =2) = 2 cases
P12=2, Pas=-2, pz=0 = (2 x 6) cases

Hence number of tuples = 22 x 4 = 88

\

(e3& egcan be any one of 1 or —1)

€1, €2, €3yuevvreen.... €g {1, 1}.
€1+ 2e,+ 3e3+........ + 8eg
= (e1tdeyt+7e7)+(2e,+ 5e5+ 8eg) + 3(e3+ 2¢€p)
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= (e1+ €4+ €7)+2(extes+ €g)+3m (M YUIH ©)

= (e1— €2) *+ (€4—es) +(e7—€5) + 3q (0 U qUiieh ®)
€1— €,=2, 0, -2 AT T YBR 3= similarly others
P12 + Pas + P7s + 30 (SET pp=ei—-e;
Psas =€4— €5

P7s =€7— €s)

P12 = Pas=Prs=0 = 8 Rerfort
P12 = Pas = Prg = 2 (Or —2) = 2 Rerfert
P12 =2, Pas=-2, Prs=0 = (2 x 6) Rerfert

3 HHIR—TT B GAT = 22 x 4 = 88
A

(e3& T 1AT-1H A BIS Th B FhdT B)

13. In a triangle ABC, right-angled at A, the altitude through A and the internal bisector of £ A have

lengths 3 and 4, respectively. Find the length of the median through A.
e 3 ABC, fSTH ®Iv1 A §9@0T &, VAT & 6 A 9 &9 & a9E 9 £ A DIU-FAGHSIS DI

RIS U 3T 48| A ARGHT P oHTs fha BrR?
Sol.  (24)

B

/£ CAE = 45° = / BAE
AD =3
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14.

Sol.

LetBC=a, CA=b, AB=c

1bc = %-a-3 =bc=3a

2

2bc A 6a 1
cos—=4=> — =

b+c 2 b+c 2

= 2\/§(b+c)=3a

= 8(b? + ¢ + 2bc) = 9a°
— 8(a’ + 6a) = 9a°

—48a=a’=a=48
SoAF=2-24
2
If X = cosl°cos2°cos3°.....cos89° and y = cos2°co0s6°cos10°..

nearest to % loga(y/x) ?

G BRI BT QUITH BT 2

(19)
Yy _ c0s2°c0s6°cos10°......... c0s 86°
X  €0sl°cos2°cos3C......... cos89°

oM o \/5 €c0s2°cos6°cosi0e......... c0s86°

sin2°sin4°......... cos88°
_ 2%/2gin4°sing°sin12°.......... sing88°
sin2°sin4°sin6e.......... sin88°
289/2
 c0s4°c0S8°C0S12°............. cos88°
_ 289/2 B %Jrzz
1
222
133
=22
133
2 2 - 2 133
Zlogy(y/x) = =log,2 2 = = x ==—=19
7 g2(y/x) 7 02 7 5
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15. Let a and b natural numbers such that 2a — b, a — 2b and a + b are all distinct squares. What is the
smallest possible value of b ?

Ael f6 a @ b U wgfde w1 & a9 f6 2a — b, a — 2b 9 a + b A =TT YUiiel & aif
21 b BT gATH TG A FIT B ?

Sol. (21)
2a-b=k? ... (1)
a-2b=k, ... 2)
a+tb=kg® ... (3)

Add (2) & (3) we get
2a—b=k,"+ ky’
= Ky + kg = Ky (Ko < Ks)
For least ‘b’ difference of k32 & k,’is also least and must be multiple of 3
= k,’=a—-2b=a’& ky* =a+b=12

= ky”— k,”=3b=144-81=63=b=21

= least b is 21

Hindi. 2a—b=k? ... (1)
a-2b=k, ... 2)
a+tb=kg® ... (3)

(2) @ (3) F1 TeT W
2a—b=k,"+ ky”

= K, + kg = ky° (Ko < Ka)

‘DB AT AT B Y k7 & k,® B GHAGH IR GAdH I qAT 3 BT O BT
= k,’=a—-2b=a’& k;* =a+b=12
= ky”— k,"=3b=144-81=63=b=21

=  b® YIaH HH 218
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16.

Sol.

17.

Sol.

What is the value of z (i+]) — z (i+]) ?

1<i<j<10 1<i<j<10
i+j=o0dd i+j=even

P & am o &L Y (i) - Y (i+) ?

I<i<j<10 I<i<j<10
i+j=odd i+j=even
(55)
N [ i 1 :E /n I i O
7’ 7’ s ’ 7’ ’ ’ s ’
7’ ’ 7’ ’ 7’ ’ ’ e 7’
g , 7’ ’ ’ ’ s 7’
9 7 g 4 N/
' s 7z 7’ 7 e 7z s
s s 7 7 e 4 7z s
’ -, 4 ’ ’ ’
8 3 7’ ~/
7 4 s 7’ 7 s e
// 7’ 7’ ,/ // ,/ ,/
7
J
e e s ’, ’ ,)'
Ve 7’ // // // //
v/
6 7’ Lo
s 4 ’ ’ 4
e 7z 7’ ’ e
5 7’ 7 7’ 7’ 7’
p
’
// // ’ //
4 7 Vs s 7
7 P N
// P ,/
7’ / ’
3 ).I
// 4
20O
//
it
i—1 2 3 4 5 6 7 8 9 10

Sumofodd= 3+5+7+9+....... +19+5+7+........ +17+7+9+........ +15+9+11+13+11
9 7 5 3

Sumofeven=4+6+....... +18+6+8+....... +16+8+10+12+14+10+12
8 6 4 2

Difference = (-1 -1 -1.......... 8times) + 19+ (-1-1-1.......... 6times) + 17 + (-1 -1-1-1)+ 15
+(-1-1)+13+11
=-8-6-4-2+19+17+15+13+11=75-20=55

Triangles ABC and DEF are such that /A= D, AB=DE =17, BC =EF =10 and AC - DF =12,
What is AC + DF ?

ABC 9 DEF ¥ w1 8 f6 #A= /D, AB=DE =17, BC=EF =103R AC - DF =128 AC +
DF &7 |19 &1 8 ?
(30)

Let A coincides with D, B coincides with E. With E(B) as centre draw a circle with radius 10

intersecting the line, making angle 6 = ZA with AB, at F & C.
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Hindi.

C
12
\
\
F \\ T10
\
\
10 AN
\
\
A(O) 17 B(E)

Let N be the foot of perpendicular from B(E) to CF

So BM=38 Hence AM = V172 -82 = /(25)(9) =15

Hence AF=15-6=9&AC=15+6=21

So AC + DF = 30

AT A, D& 1 FHRH & 921 B, E S 91 §9R & | E(B) @ @< A9 g¢ 10 = &1 & 99

T ST 8 S YE1 B gfese $eal & 9 AB D G F 3R C W 0= LA BT g1 &

C
12
\
\
F \\ T10
\
\
10 AN
\
\
A(O) 17 B(E)

AT N, B(E) d CF R o &1 o=UE 8

gafely BM =8 31 AM = V172 - 82 = [(25)(9) =15
AM@AF=15-6=9&AC=15+6=21

gafelt AC + DF = 30
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18.

Sol.

19.

Sol.

If a,b,c > 4 are integers, not all equal, and 4abc = (a + 3) (b + 3) (c + 3), then what is the value of
atb+c?
R a,b,c > 4 Yuries B, AW IRTeR &1 &, 3R dabc = (@a+3) (b+3) (c+3) W a+ b+ cH a9 &A1

g7
(16)

dabc =27+ 3(@b+bc+ca)+9(a+b+c)+abc

= 3abc=27+3(@b+bc+ca)+9(a+b+c)
= abc=9+(@b+hbc+ca)+3(a+b+c)
= abc—(ab+bc+ca)+(a+b+c)-1=8+4(a+b+c)

= @-1)(b-1)(c—-1)=8+4(a+b+¢c)
Puta-1=Ab-1=B,c-1=C,

= ABC=20+4(A+B+C)

A= 45+B+C)
BC-4

= B=3,C=4A=6

or they can be interchanged

= (a, b, ¢) are anangemets of (4, 5, 7)

= a+b+c=16

Let N=6 + 66 + 666 + ..... + 666....66, where there are hundred 6’s in the last term in the sum.
How many times does the digit 7 occur in the number N ?

AT T N=6 + 66 + 666 + ..... + 666....66 STBI TR AT § A 6’ D b 8| N § i 7 fban

IR AT ?
(33)
N=6+66+666+........ 6666..........66
100times
6
= — 19499+ +999............. 99
9 100times
= g[(lO —1)+ (0% 1)+ i, + (10" - 1)]
= g[(lo +10° +...s +10'°) - 100]
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20.

Sol.

= g[(lo2 +10° +.. +10'°) — 90]
10% -1

= g 102( ) —-60

= % (10% -1) - 60

99times

-1 {222 ......... ZOOJ—GO
3 —

= 740 740......... 7400- 60

740 comes33times

= 740 740......... 740 + 340

32times

= 7 comes 33 times

= 7, 339K 3T 2

Determine the sum of all possible positive integers n, the product of whose digits equals n?—15n —
27.

T 9l IS QUITT &1 AT UdT BRI R 37l &1 [UHHS n°— 150 — 27 § |

17)

n?—15n— 27 is always odd number for all n < |
n must be maximum of two digit number.

because maximum product of three digit number is 729 & minimum value of n? — 15n — 27 for 3
digits number is 10000 — 1500 — 27 which is greater than 729.

n?—15n — 27 is increasing function foralln € {8, 9, 10,............... }
at n=17, n?—15n — 27 is equal to 17
at n=19, n®—15n- 27 is equal to 49
at n=21, n®-15n- 27 is equal to 99
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And maximum product of digits of two digit number is 81

= So n must be less than 21
= Between 1 to 15, n’ — 15n—27 is negative
= Son =17 only

Sum of possible number equal to 17

Hindi. n®—15n-27 929 99 n e | & foru fawy dem &
n gl 3 B G&IT DI fhad dM I

F®Nfe T 36 F& BT JAVBTH JOFHS 729 T n°— 150 — 27 FT JAqH A , N 37 B

He 89 & forg 10000 — 1500 — 27 S 729 | ¥ B |

n>—15n—27a¥ ne{8,9,10,.............. Y& fog w2
n=17 W, n°—15n— 27 &1 A9 178
n=19 W, n° — 15n — 27 &1 919 49 &
n=21W,n°—15n—27 & 99 99 &

qAT QT 37 DI GE&T BT AfAHAA JoHA 81 &

= n, 219 &H I |

= 1915 HF , n° — 15n— 27 FUTHD 8

= g4qfete n = 17 Bad
JHIAT AT BT ANTHS 17 B SIS &

21. Let ABC be an acute-angled triangle and let H be its orthocentre. Let G;, G, and Gz be the
centroids of the triangles HBC , HCA and HAB respectively. If the area of triangle G,G,Gzis 7
units what is the area of triangle ABC ?

A 5 ABC & AT 3T B 3R H IS dda< 2 | A1l f% G, G, I G HAer: st HBC
,HCATHAB & = 2 | 3R B G,G,G3 &1 &3%d 7 &, A1 31yl ABC &1 &13%d fdhan &I ?
Sol.  (63)
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AB=2DE ... (1)

In AH G; G, &AHDE

HG, _GG, _2

HD DE 3

6.6,= 2 pE= 2[AB)_AB
3 3

2 3
Becomes AG; G,G3 = AABC
2 2 2
N Area of AABC ~ (AB)” ( AB (3
Area of AG;G,G;  (G,G,)* | GG, 1

= Area of AABC =9 x (Area of A G; G, Gg)

= Area of AABC=9x7=63

Hindi.
AB=2DE ... (1)
AHG; G, IR AHDEH
HG, GG, 2
HD DE 3
2 2 (AB AB
GG,==DE=Z£| 22| =22
3 3\ 2 3
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T AG;G,G;3

AABC &3T%o7

AABC

_ (AB)? AB

AG,G,G, 8315 (G,G,)?>

=

=

AABC &1 &9%hd =

AABC &1 &9%hd =

J-)

9 x (A Gy G, G3 &1 &15%hel)

{

GG,

9x7=63

22. A positive integer k is said to be good if there exists a partition of {1,2,3,.....,20} in to disjoint proper

subsets such that the sum of the numbers in each subset of the partition is k. How many good
numbers are there ?
TH YUl k P 89 (BT Hedl R {1,2,3,.....,20} & &A Sfad Suwwqzadi (proper subsets) #
famford o= d%d & Q9 % (& I & & Su9ged # 8) difd & SUddedd § 37 drel
Hemelt &1 I k 81| fhae e el § ?

Sol.  (6)

Sum of numbers equals to 20x21 =210 &210=2x3x5x7

Number of partition sum

I 2 105
I 3 70
" 5 42
v 7 30
\Y 6 35
VI 10 21

So K can be 21, 30, 35, 47, 70, 105

Good numbers equal to 6

Case-l A={1,2,3,4,5, 16,17, 18, 19, 20},B={6,7, 8, 9, 10, 11, 12, 13, 14, 15}

Case-ll A={20, 19, 18, 13}, B={17, 16, 15,12, 10},C={1, 2,3,4,5,6, 7, 8,9, 11, 14}

Case-lll A={20, 10, 12}, B={18, 11, 13}, C={16, 15, 9, 2}, D={19, 8, 7, 5, 3}, E={1, 4, 6, 14, 17}
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Case-lIV

Case-V

Case-VI

Hindi. G&mall &1 INT%d =

A ={20, 10}, B ={19, 11}, C = {18, 12}, D = {17, 13}, E = {16, 14}, F = {1, 15, 5},
G=1{2,3,4,6,7,8)

A =1{20, 15}, B={19, 16}, C = {18, 17}, D = {14, 13, 8}, E = {12, 11, 10, 2},
F={1,3,4,5,6,7 9}

A={1,20}, B={2 19}, C={3,18}...c........... ,J={10, 11}

20x21 _ 510 &210=2x3x5x7

A B E=AT ARTHE
| 2 105
T 3 70
I 5 42
IV 7 30
v 6 35
Vi 10 21

K &1 99 21, 30, 35, 47, 70, 105 81 Gl &

I G 6 B aRTER B

Rerfa-1

Reafar -11

Reafar -1

Refar -1v

A={1,2, 34,5, 16,17,18,19,20},B=1{6,7, 8,9, 10, 11, 12, 13, 14, 15}

A =1{20, 19, 18, 13}, B ={17, 16, 15, 12, 10}, C={1, 2, 3, 4,5, 6, 7, 8, 9, 11, 14}

A ={20, 10, 12}, B ={18, 11, 13}, C={16, 15,9, 2}, D={19, 8, 7, 5, 3}, E = {1, 4, 6, 14, 17}

A ={20, 10}, B = {19, 11}, C = {18, 12}, D= {17, 13}, E = {16, 14}, F = {1, 15, 5}, G = {2, 3,

4,6,7, 8}
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Refay -v A =1{20, 15}, B ={19, 16}, C={18, 17}, D = {14, 13, 8}, E = {12, 11, 10
F={1,3,4,5,6,7,9}

Rerfay -vi A={1,20}, B={2,19},C={3,18}................ ,J={10, 11}

23. What is the largest positive integer n such that

Sol.

» 2}

2 2 2
a b c
>
b C+C a+a b_n(a+b+c)
—t— — = —+—
29 31 29 31 29 31
holds for all positive real numbers a,b,c.
T I §1 YOI n HI41 B R %
2 2 2
a b c
>
b C+C a+a b_n(a+b+c)
— = — = —+—
29 31 29 31 29 31
J) g TS adfad Gl a,b,c ® U 9= B ?
(14)
2 2 2 2
Since a_+b_+c_zm
X 'y z X+y+2z
a’ b? c? (a+b+c)?
So >
£+£ i_i_i i_}_ﬂ a i+i +b i+i +C i_i_i
39 31 29 31 29 31 29 31 29 31 29 31
Z(a+b+c)
1 1
7+7
(29 31}
a+b+c
Z—
60
29x31
229X31(a+b+c)
60
>14.98 (a+b+c)
So n=14
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2 2 2 2
Hindi, wrm fs 2,00, ¢, @+b+cy
X 'y z X+y+2z

2 b? c? (@a+b+c)?

a
Wm £+£ i_i_i i+£_a i+i +b i+i +C i_i_i
39 31 29 31 29 31 29 31 29 31 29 31

(a+b+c)
(1 1

7+7

(29 31}

a+b+c

P ——
60

29x31

> 29X31(a+b+c)
60

>14.98 (a+ b +c)
gafelt n=14

24, If N is the number of triangles of different shapes (i.e. not similar) whose angles are all integers (in
degrees), what is N/100 ?
IR N A e JHR & Bl (Aded aawy o)) 8 e a @1 (@& #) qorie & @

[N/100] &1 AT T 8RT ?
Sol. (27)

X+y+z=180
x'+yt+ 2t =177

177 +2 179x178

Total = C, = Total = — =179x89

Total =3! (aPy)+3(aaf)+aaa
=6(apy) +3(aap)+1
For (o o o), number of ways = 1

For (o a B), 2a + B = 177, number of ways = (88 cases)
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Hindi.

For o By, number of ways =

_ 15931265

)]

=2611

179x89-3x88-1
6

So total way 2611 + 88 + 1 = 2700

Ans. 27
X+y+z=180

x'+yt+ 2t =177

>

Fa T =" 2C, :WWZ@:l?QXBQ

Fd Wb =3 (aPfy)+3(@ap)+aca

=6(apy)+3(aaf)+1l

(oo 0)@® forg, Tt @ e = 1

(oo B)d 1T, 20 + B = 177, TRIBI B a1 = 88

OLBYZE%I'Q 3 f'aﬁﬁw:179><89_3><88_1

_ 15931265

6

= 2611
FA TId 2611 + 88 + 1 = 2700
Ans. 27
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25.

Sol.

26.

Sol.

27.

Sol.

Case-l

Let T be the smallest positive integers which, when divided by 11,13,15 leaves remainders in the
sets {7,8,9}, {1,2,3}, {4,5,6} respectively. What is the sum of the square of the digits of T ?

A & f6 T 999 BITT g91Ad Qoiie & @t 11,13 9 15 ¥ (9o &-1 W A9 HAe: Sl
{7,8,9}, {1,2,3}a{4,5,6} & B @1 fhx T & il & I BT AN FgT &I ?

(81)

What is the number of ways in which one can choose 60 units square from a 11 x 11 chessboard
such that no two chosen square have a side in common ?

11 x 11 & ;RS B 9T F 60 sH1E a9 fhal aRe F g9 G @ b g gy a7 B Drs A
oI ST AT B ?

(62)

Either select 60 black squares from 61 black square or select all 60 white squres

=N Total equal to **Cgo + ®°Ceo = 61 + 1 = 62

g1 A1 61 BIal a0 | 60 Brel g7 A1 T FH 60 {1 Hha a Gl
Fd TOD ' Cop + PCqo = 61 + 1 = 62

What is the number of ways in which one can colour the square of a 4 x 4 chessboard with colours
red and blue such that each row as well as each column has exactly two red squares and blue
squares ?

4 x 4 B TRS Bl 9T & &R Th T 1 ofad T A | I 8, W fhaw N B 5 &)
91 UfaT 3R &R Th @ ufdd & <1 Al 9 <1 ot 99 B
(90)

First row can be filled by “C, ways = 6 ways.
Second row is filled same as first row
= here  second row is filled by one way
3" row is filled by one way

4" row is filled by one way
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Total ways in Case-l equals to “C, x 1 x 1 x 1 = 6 ways

Case-ll Exactly 1 R & 1 B is interchanged in second row in comparision to 1% row
= here  second row is filled by 2 x 2 way
3" row is filled by two way
4" row is filled by one way

= Total ways in Case-Il equals to “C; x 2 x 2 x 2 x 1 = 48 ways

Case-lll Both R and B is replaces by other in second row as compared to 1% row
= here  second row is filled by 1 way
3" row is filled by “C, way
4" row is filled by one way

= Total ways in 3" Case equals to ‘C, x 1 x 6 x 1 = 36 ways
= Total ways of all cases equals to 90 ways
Hindi. Yo ufdd &1 ‘C,d&® A W1 ST Aol ¥ = 6 TRIb
Reafay -1 T ufdd B7 ugel! ufRk & WA WRT ST ®
= Jg g Ufdd @ UE RIS WRT ST B
3" ufdd @1 Th XD W WRT O B

4" gfeg B T TS W W) Sl §
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Rerfd -1 Fgad Wb =C;x 1x1x1=6TD

Rerfa -1l 3% 1R AR 1B & gAQ ufdd &I 3MUF § 9&al A1 & q1 Ugell ufad & g & ol §
= TE ufed @1 2 x 2 TP | W A 2
N ufed & A TS | W1 T 2
el afd @1 TP TP W W A1 2

= Rerf —Il A ga WP =Cyx2x2x2x 1=48TWH

R B
R B
Rerfar -1 Sl RIB &1 37 g% Ufdd & UM ufdd & o # gl ol § |
= T UfRT B TS TS F R S B

3" ufad @1 ‘C, TP | HRT I B
A ufdT B TH b F AT AT B
= Rerf -1l H g TP ="C, x 1 x6x 1=36 T

= 91 Rerfy 9 | @8 90

28. Let N be the number of ways of distributing 8 chocolates of different brands among 3 children such
that each child gets at least one chocolate, and no two children get the same number of
chocolates. Find the sum of the digits of N.

A A fF -3 SRl & 8 Adeic B 9 gzl 7 N adl 9 dfeT o 9har & [ 6
W I B HH H BA Th Aiboie ol IR fF=R Al 31 9268 & RER o G@&1 | Aidveie 1 A |

N & 3BT BT AT fbd-r g ?
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Sol. (24)
8—>(1,25)0r(1,3,4)

Number of ways 8 x[3+ 18 x|3

2551~ 13[4
_ (8><;><6+8><726><5jx6

=56 x 6 (3+5) =56 x 48 = 2688
Sum of digits = 24

29. Let D be an interior point of the side BC of a triangle ABC. Let I, and I, be the incentres of

triangles ABD and ACD respectively. Let AL, and AI, meet BC in E and F respectively. If
ZB1, E =60°. What is the measure of ZCI,F in degrees ?
A9 & f& D T s ABC @ 4o BC &1 3fidRs g 8 | a9 & f& 1, 9 1, He: f39yst ABC @
S ACD & 3fa: &= 2| AFall % @1 Al 9 ¥&T Al, 3@ BC & %I E 9 F § fAerht 21 oWR
/BILE=60°.¢1 f$l § ZCI,F &1 A &1 8170 ?

Sol.  (30)

ZBAD =120° -
ZCAD = ZA —(120°-B)
=A+B-120°
A+B C C

ZFAC = —60°:>90°—E—60°:>30°—E

ZAFC =180° - (C +30°— %J
=150 -C/2

ZCLF =180°m— (150° % CZ:J 30°

® Corporate Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)- 324005
I QESCJI_IB I_ICE Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in
: PRM0190818-34
Educating for better tomorrow (55701800 258 5555 | CIN: UB0302RJ2007PLC024029




Resonance” = PRE-REGIONAL MATHEMATICAL OLYMPIAD - 2018 | 19-08-2018

30.

Sol.

Let P(x) = a, +a;x +a2x2 +....+a,x" be a polynomial in whicha; is non-negative integer for each
i€{0,123,....,n}. If P(1) = 4 and P(5) = 136, what is the value of P(3)?

IR P(X) = g +ax +a,X° +....+a,x" U 98UQ © S8l a MNP QUiid &, g P(1) = 4 T P(5) =
136 1 P(3) &1 A9 I 8R1 2

(34)

Qt+tagtat..... +a,=4

= a<4

a, + 5a, + 5°a, + .... +a 5"a, = 136

> a=1+5A=>a=1

Hence 5a; + 5%ay + ..... + 5"a, = 135

a; +5a;+.... 5" a,, =27

>a=50+2=>a,=2

= 5a, +....5" " a, 1 =25

a,+5az+ ... 5"2a,,=5

> a=5=a,=0

Az + 55+ oo, +5"3a,,=1
az=1
—as+5as+...+5"%a,3=0
a=as=... a,=0

Hence P(n) =x>+ 2x + 1

P(3) = 34
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