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PART-l : MATHEMATICS

SECTION 1 : 12 Marks

This section contains FOUR (04) questions.

Each question has FOUR options (A), (B), (C) and (D). ONLY ONE of these four options is the correct
answer.

For each question, choose the option corresponding to the correct answer.

Answer to each question will be evaluated according to the following marking scheme:

Ans.

Sol.

Full Marks : +3 If ONLY the correct option is chosen;
Zero Marks : 0 If none of the options is chosen (i.e. the question is unanswered);
Negative Marks : -1 In all other cases.
. . . 1 X x3
Let f:[1, ) — R be a differentiable function such that f(1) = 3 and SL f(t)dt = xf(x)—?,x e[l,). Lete
denote the base of the natural logarithm. Then the value of f(e) is
2 2 2
e“+4 log.4+e 4e e2_4
A B) ———— C) — D
(A) 3 (B) 3 () 3 (D) 3
(C)
X X3
3| f(t)dt = xf(x) ——
! (Dt = xf(x) -

Differentiate w.r.t. x

2
3(f(X)-1—0):1.f(x)+xf'(x)—3%
= 2f(x) = x f'(x) — x2

Y g2 2,
de 2y =X :>dx Xy_x

2
[ ax —2/nx 1
— X — Y —
I.LF.=¢ =e =—
X

Solution of D.E ;

1 1
| = |=1(x)—d
y[xgj I(X)X2 X

=/nX+c

| <

X
y = X2/nX + Cx?

f(x) = X2 fnx + x%/3

e? B 4e2

fe) = e?
(e) plferd -
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2. Consider an experiment of tossing a coin repeatedly until the outcomes of two consecutive tosses are
same. If the probability of a random toss resulting in head is 3’ then the probability that the experiment
stops with head is

A) (B) > (O}t o) 2

1

3 21 21

Ans. (B)

Sol.  Probability = (HH+HTHH+HTHTHH+....... ©) + (THH+THTHH+THTHTHH+...... =)

__HH THH HH+THH
" {-HT 1-TH 1-TH

11 211 5
— . — e ——
33 3833_27_5
2 1 7 21
11— —x— =
3 3 9
3. Foranyy e R, let cot™! (y) € (0, ) and tan-' (y) (—%%J . Then the sum of all the solutions of the

2
equation tan- [%j + cot1[96—y} = %for 0<yl<3,isequal to
y

-y
(A) 243 -3 (B) 3-2V3 (C) 43 -6 (D) 6-443
Ans. (C)
Sol. Case-1
When-3<y<0

tan 16y +m+tan” O
9-y? 9-y?) 3

— 2tan”’ 6y2 _
9-y 3

6y _ -1
9-y2 3

= y2— 6,/3y-9=0

=

y2— 6J3y-9=0
+83<y<0

63 -12
=>y= Resor

=y=3J/3-6
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case-2when0<y<3

tan iz +tan™ iz L2
9-y 9-y 3

J3y2 16y -9J3 =0
J3y2+9y-3y-94/3 =0
J3yly +3v3)-3ly+343)=0
Soy = V3 is selected

Hence sum of all solutions = 4+/3 —6

4, Let the position vector of the points P,Q,R and S be a = i+ 2] —Bk,b=3i+ 6]+3R ,

= g? + ?] +7k andd=2i + j +k , respectively. Then which of the following statements is true ?

(A) The points P,Q,R and S are NOT coplanar
b+ 2d

(B) is the position vector of a point which divides PR internally in the ratio 5:4

b +2d

(C) is the position vector of a point which divides PR externally in the ratio 5:4

(D) The square of the magnitude of the vector bxdis 95
Ans. (B)

Sol. %=2f+4]+8ﬁ

PR=1271, 87 12%
Bieatind

@:7—]+6R
IS EL 2 4 8 P 1k
nowlPQPRPS=%12 6 60-122 1 10
e i g 1 -1 6
=E(16—4—12)=0
5

So option (A) is incorrect
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b+2d 7i+8]j+5k

hance' 3
5¢6+4a 21i+24j+15k b+2d
9 9 3

So option (B) is ¢

3i +3j -9k

_ W
Il

—|bxd[?P=9+9+81=99
So option (D) is incorrect

SECTION 2 : 12 Marks

This section contains THREE (03) questions.

Each question has FOUR options (A), (B), (C) and (D). ONE OR MORE THAN ONE of these four
option(s) is (are) correct answer(s).

For each question, choose the option(s) corresponding to (all) the correct answer(s).

Answer to each question will be evaluated according to the following marking scheme:

Full Marks : +4 If only (all) the correct option(s) is(are) chosen;

Partial Marks  : +3 If all the four options are correct but ONLY three options are chosen;

Partial Marks  : +2 If three or more options are correct but ONLY two options are chosen, both of
which are correct;

Partial Marks  : +1 If two or more options are correct but ONLY one option is chosen and it is a correct
option;

Zero Marks : 0 If unanswered;

Negative Marks : =2 In all other cases.

For example, in a question, if (A), (B) and (D) are the ONLY three options corresponding to correct

answers, then

choosing ONLY (A),

choosing ONLY (A

choosing ONLY (A

(A), (B) and (D) will get +4 marks;

(A)

(A)
choosing ONLY (B)

(A)

(B)

(

(B

and (B) will get +2 marks;

and (D) will get +2marks;

and (D) will get +2 marks;

choosing ONLY (A) will get +1 mark;

choosing ONLY (B) will get +1 mark;

choosing ONLY (D) will get +1 mark;

choosing no option(s) (i.e. the question is unanswered) will get 0 marks and

choosing any other option(s) will get =2 marks.
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5. Let M =[ai], i,j €{1,2,3}, be the 3x3 matrix such that aj= 1 if j+1 is divisible by i, otherwise aj = 0.

Then which of the following statements is(are) true ?
(A) M is invertible

aq a, —ay
(B) There exists a nonzero column matrix| a, | such that M a, |=| —a,
as as —a3
0
(C) The set {XeR3: MX = 0} = {0} where 0=|0
0
(D) The matrix (M=21) is invertible, where 1 is the 3x3 identity matrix
Ans. (BC)
a1 41 a3 1 1 1
SOI. M= a21 a22 a23 = 1 0 1
azy Az Aags 010

M| =1(0-1)—(0-1)=—-1+1=0
= Mis singular

option (A) is wrong

aq —aq 11 1| & —aq
NOW, M 82 = = a2 = 1 0 1 82 =l = a2
as —ag 0 1 0ffag —ag

= ai+ az+as =-—ai
at+ as =—az
a2 =—as
= a1 =0, a2 + as = 0 infinite solutions exists

option (B) is correct

11 1|(x| |0 X+y+z=0
NowMX=0=[1 0 1||y|[=|0|= x+z=0
0 1 0f]|z 0 y=0
Infinite solution
Option (C) is correct
eletis v 100 -1 1 1
Now M-2I={1 0 1|-20 1 0|=|1 -2 1
010 0 0 1 0o 1 -2

- [EEESEEEES

option (D) is wrong
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2
6. Let f: (0,1) — R be the function defined as f(x) = [4x] [x —%) (x —%j where [x] denotes the greatest

integer less than or equal to x. Then which of the following statements is(are) true?

(A) The function f is discontinuous exactly at one point in (0,1)

(B) There is exactly one point in (0,1) at which the function f is continuous but NOT differentiable.
(C) The function f is NOT differentiable at more than three points in (0,1).

(D) The minimum value of the function f is 5_T12

Ans. (AB)

2
Sol.  f:(0,1) > R, f(x) = [4x](x —%j (x - %j where []is G.I.F

Clearly f(x) continuous at x = but not continuous at x =

Alw

f(x) is continuous at x = %but not differentiable at x = %

clearly min f(x) = —4L32at X = 12

7. Let S be the set of all twice differentiable functions f from R to R such that %(x) > 0for all xe (-1,1).
For feS, let Xt be the number of points xe (—1,1) for which f(x) = x. Then which of the following
statements is(are) true ?

(A) There exists a function feS such that X; =0

(B) For every function feS, we have X; < 2

(C) There exists a function feS such that Xi = 2

(D) There does NOT exist any function f in S such that Xt =1

Ans. (ABC)
Sol.
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-
e

-
- EYa=

f(x) is concave function.
So intersection point of f(x) and y = x at most two and minimum zero.

SECTION-3 : 24 Marks

. This section contains SIX (06) questions.
. The answer to each question is a NON-NEGATIVE INTEGER.
. For each question, enter the correct numerical value of the answer using the mouse and the on-screen

virtual numeric keypad in the place designated to enter the answer.
. Answer to each question will be evaluated according to the following marking scheme:

Full Marks : +4 ONLY if the correct numerical value is entered;

Zero Marks : 0 1In all other cases.
8. For x € R, let tan~'x e (—ggj . Then the minimum value of the function f : R — R defined by

xtan™"x (t-cost)
e :

f(X) = J. 1—’_twdt IS

Ans. (0) ( )
e tan™' x—cos|xtan™" x - ]
Sol. f'(x) = +tan' x
1+ (xtan‘1 x)2023 1+x°
f'(x)=0
> tan 'x =0

1+ X

X +(1+x?) tan~'x =0

x=0

- +
0

So x = 0 will be point of minima.
So minimum value of f(x)
f(0)=0
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9. For x e R, let y(x) be a solution of differential equation (x2 —5)? —2xy = —2x(x2 —5)2 such that
X

y(2) = 7. Then the maximum value of the function y(x) is
Ans. (16)

Sol. (x2 —5)%—2xy = —2x(x2 —5)2

dy 2X 2
= —— =-2x|x“ -5
2x
- adx
2
= IF.=e X% = 21
| X =5
So solution
y. ] =_[ 1 ¥2x(x2—5)}1x+C
‘X2—5‘ ‘XZ—S‘
If x2 > 5 then 2y =—x’+C
X“ -5
If X2 < 5 then y2=x2+C
5-x
usingy(2)=7 =C=3
= y=@B+x2) (5-x3) =—x*+2x2+15
= B 443 +4x=0 = x=0,1, -1
dx

Maximum at x = 1 or =1 and Ymaximum = 16 Ans.

10. Let X be the set of all five digit numbers formed using digits 1, 2, 2, 2, 4, 4, 0. For example 22240 is in X
while 02244 and 44422 are not in X. Suppose that each element of X has an equal chance of being
chosen. Let p be the conditional probability that an element chosen at random is a multiple of 20 given
that it is a multiple of 5. Then the value of 38p is equal to

Ans. (31)

Sol. A = Number of elements in 'X' which is multiple of 5
1,22 2
(T[] 0]-5-4
1,4, 2 2
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11.

Ans.

Sol.

1,2 4, 4
[T T0]-5-12
4,2 2 2
(T[] [0]»>5-¢

2,2,4,4

4]
([T [ 10]>2-6

n(A) =4 +12 +12 +4 +6= 38
B' = Number of elements in X which is not multiple of 20
2,2 2

T [ [70]1

4,2, 2
H 3'_
2, 4 4

H 3'_

So number of elements in X which is multiple of 20 = n(B) = (4 —1) + (12 -3) +(12-3) + 4+6 = 31

!

p(B) _ n(ANB) [ n(A A B) = n(B)]
A n(A)
31
=p=—== 38p =31
p 38 p
Let A1, A2, As ........ As be the vertices of a regular octagon that lie on a circle of radius 2. Let P be a
point on the circle and let PAi denote the distance between the points P and Aifori=1,2 ...... 8.IfP

varies over the circle, then the maximum value of the product PA1.PAz....PAs is
(512)

2ni
Letz8-28=0=7=2, 20, 202, ............. 207 ,wherea=e 8

78 — 28 = (Z-2) (Z-20) (Z-202) ............. (Z-2a7)
|Z8 - 28| = |Z-2| |Z-20]...cenvvee.. |Z-207| < |Z8] + |28]
<|Z]B + 28
< 28428
<29

Max PA1. PAz ............ PAs = 2°, Equality will hold when arg (z8) = =
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a3d3b
12. Let R={|c 2 d|:abc,de{0,35,7,1113,17,19}}. Then the number of invertible matrices in R is
0 50
Ans. (3780)
a 3 b
Sol. A=lc 2 d =-5 (ad — bc)
0 50

Number of invertible matrices = total matrices — non invertible matrices (A=0)
Total matrices = 8 x 8 x 8 x8 = 4096

Now A=0=ad =bc

Case(1)

()When all four a, b, ¢, d are zero =1

|
(i) When three zero , one non-zero = 7 %: 28

(iii) When two zero two non zero =2C+1.2C+1 . 7. 7 = 196
Case(2) When all 4 non zero
(i) All 4 same =7

(i) 2same + 2other same = /C,.2C;.2C, =21x4 =84

Total non invertible matrices=1+28 + 196 + 7 + 84 =316
Number of invertible matrices = 4096 — 316 = 3780

13. Let C1 be the circle of radius 1 with centre at origin. Let C2 be the circle of radius r with centre at the point
A = (4, 1), where 1 < r < 3. Two distinct common tangents PQ and ST of C+ and Cz are drawn. The
tangent PQ touches C+ at P and C2 at Q. The tangent ST touches C+ at S and C2 at T. Mid points of the

line segments PQ and ST are joined to form a line which meets the x-axis at a point B. If AB = /5, then

the value of r2is
Ans. (2)

Sol. GCi;x2+y?=1 Co;(x—-4)2+(y—-1)>2=r2 (1<r<3)
A4, 1)

Clearly M1Mz: is radical axis

Q
M
P
e A(4,1)
1Res0 /1 B \ /
S M, T
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. Equation of MiM2is S1 —S2=0
=8x+2y-18+r2=0

B[18_r2,0J,A(4, 1)
8

AB= |5

(18-r? - 2
-~ 5 4| +(0-17 =5

=>r=2

SECTION-4 : 12 Marks

. This section contains TWO (02) question paragraphs.

. Based on each paragraph, there are TWO (02) questions.

. The answer to each question is a NUMERICAL VALUE.

. For each question, enter the correct numerical value of the answer using the mouse and the on-screen
virtual numeric keypad in the place designated to enter the answer.

. If the numerical value has more than two decimal places, truncate/round-off the value to TWO decimal
places.

. Answer to each question will be evaluated according to the following marking scheme:
Full Marks : +3 If ONLY the correct numerical value is entered at the designated place;
Zero Marks : 0 1In all other cases

PARAGRAPH''T
Consider an obtuse angled triangle ABC in which the difference between the largest and the smallest
angle is g and whose sides are in arithmetic progression. Suppose that the vertices of this triangle lie

on a circle of radius 1.
There are two questions based on PARAGRAPH 'T', the question given below is one of them

14. Let a be the area of the triangle ABC. Then the value of (64a)2is

Ans. (1008)

15. Then the inradius of the triangle ABC is
Ans. (00.25)

Sol for (14 & 15)

C
X + 2y
X+Yy
B X A

Let B be the greatest angle and C be the smallest angle with AB = x, BC =x + yand CA=x + 2y
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Now B -C = g (given)

:>B=E+C
2
Since, A+B+C=n

:>A+g+C+C=TC

— A = Be2DE
2

Since, AB, BC, CA are in AP

= 2BC =AC + AB

= 4RsinA=2RsinB + 2R sin C
=2sinA=sinB+sinC

— 2sin (5—2(;) = sin (Lc) +sinC
2 2

=2c0s2C=cosC +sinC
= 2 (c0s?C —sin?C) = cos C +sin C

:>cosC—sinC=%

:>1—sin20=l:>sin20=g
4 4

(14) Area of AABC = L=
4R

_ 8sinAsinBsinC

- 4

= 2sin (E—zcj sin [E+stin C
2 2

=2cos 2C cos Csin C

= cos 2C-sin 2C

Areaa = 1/1—i _§ = ﬂ
16 4 16

— 64a = 127 = (64a)2= 1008

(15) Inradius r = A_ - a. -
s 2RsinA+2RsinB+2RsinC

a a
(§nA+snB+sinC) sjn(“—zc]+sjn(“+c]+sjnc
2 2
= a = a
cos2C +cosC+8nC  cos2C +.,/1+sin2C
37 3J7
N 16 Oectimncad’ Mot
J 9 \/ 3 V7 J7 16 37 4
-2 4 142 MO, NS
16 4 42
r=0.25
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PARAGRAPH 'II'
Consider the 6 x 6 square in the figure. Let A1,Az.....A49 be the points in intersections (dots in the
picture) in some order. We say that Ai and A; are friends if they are adjacent along a row or along a
column. Assume that each point Ai has an equal chance of being chosen.
There are two questions based on PARAGRAPH 'II', the question given below is one of them

16. Let pi be the probability that a randomly chosen point has i many friends, i = 0,1,2,3,4. Let X be a
random variable such that for i = 0,1,2,3,4, the probability P(X = i) = pi. Then the value of 7E(X) is
Ans. (24)

Sol. P(x=0)=0 P(x=1)=0
4 20
P(x=2)=— P(x=3)=—
i 49 (x=3) 49
P(x=d)=1-224_2°
49 49
4
EX)= Y. F>(x=i)=2.i+3.@+4.§
20 49 49 49
_8+60+100_168 _24
49 49 7
7E(X) = 24

17. Two distinct points are chosen randomly out of the points A1,Az.....A49 . Let p be the probability that they
are friends. Then the value of 7p is
Ans. (00.50)
Sol. :6><7+6><7:2><6><7><2=l
49 C, 49x 48 14

7p = % = 0.5 = 00.50
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