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 There are 6 questions in this question paper. All questions carry equal marks. Maximum marks 
102. 

 Answer all questions. 
 Time allotted: 3 hours. 

 
1. Let ABC be a triangle with integer sides in which AB < AC. Let the tangent to the circumcircle of 

triangle ABC at A intersect the line BC at D. Suppose AD is also an integer. Prove that  
gcd(AB,AC)>1 
 eku yks fd ,d f=kHkqt gS ftldh gj Hkqtk dh yEckbZ iw.kkZd gS] o AB < AC gSA f=kHkqt ABC ds ifjor̀ dh 

fcUnq  ij [khaph xbZ Li'kZ&js[kk] BC ls D ij feyrh gSA eku yks fd AD Hkh ,d iw.kkZd gSA lkfcr djks fd e-

l-(AB, AC) > 1 ¼e-l- ¾ egÙke lekiorZd greatest common divisor ;kuh gcd ;k½  
Sol. ADC = B – C  

 In  ABD  

 

 

D B C 

A 

2C 

–B 

 

Csin

DB
 = 

)C–Bsin(

c
 

 DB = 
)C–Bsin(

Csinc
 

 = 
Bcosc–Ccosb

c 2

  Apply cosine law 

 = 
22

2

cb

ac


 

DA2 =DB  DC    

DA2 = 















a

cb

ac

cb

ac
22

2

22

2

 

DA = 
22 cb

abc


 

Assume b & c are coprime then 
)cb)(cb(

abc


     b – c & b + c both should be divisible by a 

which is not possible as b + c > a have b & c can’t be coprime.  
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Hindi :  ADC = B – C  

  In  ABD  

 

 

D B C 

A 

2C 

–B 

 

Csin

DB
 = 

)C–Bsin(

c
 

 DB = 
)C–Bsin(

csinc
 

 = 
Bcosc–Ccosb

c 2

  dksT;k fu;e ls  

 = 
22

2

cb

ac


 

DA2 =DB  DC    

DA2 = 















a

cb

ac

cb

ac
22

2

22

2

 

DA = 
22 cb

abc


 

Ekkukfd b ,oa c lgvHkkT; la[;k;sa gSa rc 
)cb)(cb(

abc


     b – c  vkSj b + c nksuksa a ls foHkkftr gksus 

pkfg;s tks fd laHkao ugha gS D;ksafd b + c > a b rFkk c lgvHkkT; la[;k;sa ugh gks ldrhA  
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2. Let n be a natural number. Find all real numbers x satisfying the equation 
 eku yks fd n ,d izkd̀frd la[;k gSA ,slh lHkh okLrfod la[;k,¡ x Kkr djks tks fd fuEu lehdj.k dks 

larq"V djrh gks % 

    
 kn

2k
k 1

n n 1kx

41 x




         

Sol. Let x > 0  

 Then 
k2

k

x1

kx


 = 

kk xx

k


   
2

k
 

 Hence 
 

n

1k
x2

k

x1

kx   


n

1k
2

k
 = 

4

)1n(n 
 = R.H.S of given equation  

 Hence 
k2

k

x1

kx


 =  

2

k
   K  {1, 2, ……, n} ,i.e. equality must hold for every term of this summation  

So kx =1   K  {1, 2, ……, n}  x=1 

Obviously x=0  is not a solution  and for x <0  

 
 

n

1k
x2

k

x1

kx   
x

kn

1k x1

kx




   
4

)1n(n 
 

 Inequality holds as all terms of the summation are not of the same sign for k > 1 & for k = 1, LHS is 
negative. Hence only solution is x = 1.  

Hindi :  Ekkukfd x > 0  

 rc 
k2

k

x1

kx


 = 

kk xx

k


   
2

k
 

 vr% 
 

n

1k
x2

k

x1

kx   


n

1k
2

k
 = 

4

)1n(n 
 = fn;k x;k lehdj.k dk R.H.S 

 vr% 
k2

k

x1

kx


 =  

2

k
   K  {1, 2, ……, n} , vFkkZr~ ;ksxQy ds fy, izR;sd in vlfedk dks larq"V djrk gS A  

blfy,  
kx =1   K  {1, 2, ……, n}  x=1 

Li"Vr;k x=0  gy ugha gS D;ksafd x <0  

 
 

n

1k
x2

k

x1

kx   
x

kn

1k x1

kx




   
4

)1n(n 
 

vlfedk ;ksxQy ds lHkh inksa dks larq"V djrh gS D;ksafd k > 1 ds fy, ;ksxQy dk leku fpUg ughaa gS vr% k 

= 1 ds fy,, LHS _.kkRed gSA vr% dsoy x = 1 gy gSA  
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3. For a rational number r, its period is the length of the smallest repeating block in its decimal 

expansion. For example, the number r = 0.123123123… has period 3. If S denotes the set of all 
rational number r of the form r = 0.abcdefgh  having period 8, find the sum of all the elements of S. 

 ,d ifjes; la[;k ds r fy, mldk ihfjvM (period) mlds n'keyo foLrkj esa nksgjkus okys lcls NksVs [k.M 

dh yEckbZ gksrh gSA mnkgj.k ds rkSj la[;k r = 0.123123123…. dk ihfjvM (period) 3 gSA vxj S mu lHkh 

ifjes; la[;kvksa dk r lewg gS ftudks ihfjvM (period) 8 dh la[;k dh r = 0. abcdefgh  rjg fy[k ldrs gS] 

rks lewg S ds lHkh lnL;ksa dk ;ksx Kkr djksA     

Sol. X = 0.abcdefghabcdefgh…………….. 

  x = 
8

abcdefgh

10 1
 

 Total Sum = 8times
8

1 2 3 ....... 99.....99

10 1

   




=

8 8

8

(10 1)10

2(10 1)




= 5 × 107 

  

 Period 4   ____ ____  

 If unit digit is 1 then the next three places can be filled in 103 ways hence sum of all the digits at 

unit places  = 
3

8

(1 2 3..... 9)10

10 1

  


 = 
3

8

45 10

10 1




 

 Hence sum of all such numbers = 
7 3

8

(1 10 ......... 10 )(45 10 )

10 1

   


  = 5 × 103  

It also include numbers with period 1 and period 2  
 So sum of the numbers with period 8 = Total – Sum of the numbers with period 1, 2, 4  

= 5 × 107 – 5 × 103 = 49995000 
  
  
Hindi :  X = 0.abcdefghabcdefgh…………….. 

  x = 
8

abcdefgh

10 1
 

 Dqy ;ksx = 8times
8

1 2 3 ....... 99.....99

10 1

   




=

8 8

8

(10 1)10

2(10 1)




= 5 × 107 

 vkorZ 4   ____ ____  

 ;fn bdkbZ vad 1 gS rc vxys rhu LFkkuksa dks 103 rjhdksa ls Hkjk tk ldrk gSA vr% bdkbZ LFkku ij lHkh 

vadksa dk ;ksxQy = 
3

8

(1 2 3..... 9)10

10 1

  


 = 
3

8

45 10

10 1




 

 vr% bl izdkj ds lHkh la[;kvksa dk ;ksxQy = 
7 3

8

(1 10 ......... 10 )(45 10 )

10 1

   


  = 5 × 103  

blesa vkorZ 1 vkSj vkorZ 2 Hkh 'kkfey gSaA   
 blfy, vkorZ 8 dh la[;kvksa dk ;ksxQy = dqy – vkorZ 1, 2, 4 dh la[;kvksa dk ;ksxQy  

= 5 × 107 – 5 × 103 = 49995000 
 
4. Let E denote the set of 25 points (m,n) in the xy-plane, where m,n are natural numbers, 1  m  5, 

1  n  5. Suppose the points of E are arbitrarily coloured using two colours, red and blue. Show 
that there always exist four points in the set E of the form (a,b), (a + k,b), (a + k,b + k), (a,b + k) for 
some positive integer k such that at least three of these four points have the same colour. (That is, 
there always exist four points in the set E which form the vertices of a square with sides parallel to 
axes and having at least three points of the same colour.) 

 E dks xy ry ds ,sls 25 fcanqvksa (m, n)  dk lewg eku yks] tgk¡ m, n izkd̀frd la[;k,¡ gSa 1  m  5, 1  n  

5 gSA eku yks fd lewg E dh gj ,d fcanq dks yky ;k uhys] nksuksa esa ls ,d jax esa] euekus <ax ls jax fn;k 

tkrk gSA lkfcr djks fd lewg E esa pkj fcanq ,sls gS tks fd (a,b), (a + k, b), (a + k, b + k), (a, b + k) tgk¡ 

k ,d iw.kkZd gS& dh rjg fy[ks tk ldrs gS] vkSj ftlesa ls de ls de rhu fcanq ,d gh jax ds gSA ¼ekus] 

lewg E esa ,sls pkj fcanq ges'kk gksaxs tks fd ,d ,sls oxZ ds dksus gS ftldh Hkqtk,¡ v{kks ds lekuakrj gS] o 

ftuesa de ls de rhu fcanq ,d gh jax ds gSa½        
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Sol.        

 
 
 
 
 
 
 
 
 
   All three colours are consecutive in R4 and R5                           
    due to dark portion reject            
 

  
 
 
 
 
 
        
 
 
 
 

   All three colours are gap 2 and gap 1 in R4 and R5  due to dark portion reject                       

 
  
 
 
 
 
 
 
 
 
       

    All three colours are gap 2 in R4 and R5  due to dark portion reject                       

 
 
 
 
 
 
      
    

    All three colours are gap 2 in R4 due to dark portion reject      
                 

  

5. Find all natural number n such that 1 + 2n 
  divides 2n. (For any real number x, [x] denotes the 

largest integer not exceeding x.)  

 ,sls lHkh izkd`frd la[;k,¡ n Kkr djks ftuds fy, la[;k 1 2n     la[;k 2n dks foHkkftr djrh gSA ¼fdlh 

Hkh okLrfod la[;k x ds fy, [x] ls gekjk eryc mlds egÙke iw.kkZd ls g] ekus ,sls lcls cM+s iw.kkZad ls tks 

fd x ls cM+k u gks½       

Sol. Let 
2n

1 2n   
= p (where pN)  2n = p + 2n 

  p  2n – p = 2n 
  p  ……(1) 

 Now 2n 1  < 2n 
   2n   p( 2n –1) < p 2n 

   p 2n  ……(2) 

 From (1) and (2)   p( 2n 1 ) < 2n – p  p 2n  
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  2n – p > p 2n –p& 2n – p  p 2n  

  2n > p 2n  and 2n – p 2n  p  

  2n > p & ( 2n )2 – 2.
p

2
 2n + 

2p

4
 p + 

2p

4
 

  2n > p & 
2

p
2n

2

  
 

 
2p 4p

4


< 

2(p 2)

4


 

  2n > p & 2n –
p

2
< 

p 2

2


  2n > p & 2n < 

2p 2

2


 

 p < 2n < p + 1   [ 2n ] = p 

 Now 2n = p + (p)p  n = 
2p p

2


  …..(3) 

 Now every solution of equation (3) will be the answer became here  

2n = p(p +1) and 1+ 2n 
  = p + 1 which divided p(p +1) = 2n 

 

Hindi. ekuk 
2n

1 2n   
= p (tgk¡ pN)  2n = p + 2n 

  p  2n – p = 2n 
  p  ……(1) 

 vc 2n 1  < 2n 
   2n   p( 2n –1) < p 2n 

   p 2n  ……(2) 

 1) vkSj (2) ls  p( 2n 1 ) < 2n – p  p 2n  

  2n – p > p 2n –p& 2n – p  p 2n   2n > p 2n  vkSj 2n – p 2n  p  

  2n > p & ( 2n )2 – 2.
p

2
 2n + 

2p

4
 p + 

2p

4
 

  2n > p & 
2

p
2n

2

  
 

 
2p 4p

4


< 

2(p 2)

4


 

  2n > p & 2n –
p

2
< 

p 2

2


  2n > p & 2n < 

2p 2

2


 

 p < 2n < p + 1   [ 2n ] = p 

 vc 2n = p + (p)p  n = 
2p p

2


  …..(3) 

 lehdj.k (3) dk izR;sd gy mÙkj gksxk 2n = p(p +1) vkSj 1+ 2n 
  = p + 1 tks p(p +1) ls foHkkftr gksxk 

 = 2n 
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6. Let ABC be an acute-angled triangle with AB < AC. Let I be the incentre of triangle ABC, and let D, 

E, F be the points at which its incircle touches the sides BC, CA, AB, respectively. Let BI, CI meet 
the line EF at Y, X, respectively. Further assume that both X and Y are outside the triangle ABC. 
Prove that 

 (i) B, C, Y, X are concyclic; and  
 (ii) I is also the incentre of triangle DYX. 
 eku yks fd ABC ,d U;wu dks.k f=kHkqt gS o AB < AC eku yks fd  f=kHkqt ABC dk var%dsUnz gS o D, E, F 

og fcanq gS ftu ij var% o`Ùk Øe'k% BC, CA, AB dks Li'kZ djrk gSA eku yks fd B, C js[kk EF ls Øe'k% 

fcanq ij Y, X feyrs gSA vkSj eku yks fd fcanq X,Y f=kHkqt ABC ds ckgj gSasA fl) djks fd% 

 (i) fcanq B, C, Y, X ,d o`Ùkh; gSa; o 
 (ii) fcanq  f=kHkqt DY X dk Hkh var%dsUnz gSA 

Sol.  
 

 

 

A

X

B 
D

C

Y 

I

E

F

A/2 A/2

B/2
C/2

C/2

K

90 – A/2

90 – A/2

90 – A/2
90 – A/2

A/2

A/2

180 – A – B/2 (In  ABK)

180 – A – B/2 –90 + A/2 = 90 –A/2 – B/2 = C/2

Construction : Join XB, Join XD, Join DY. Let Y intersect AL at  k. Let A cuts EF at L 
Proof :  In AE, AE = A/2, AE = 90°   AE = 90° – A/2 
 In LE, LE = 90°, LE = 90° – 90° – A/2 LE = A/2 

 Now  KEY = 180° – EK – LE = 180° – 90° –
A

2
 ….(1) 

 In ABK, AKB = 180° – BAK – ABK = 180° – A – 
 B

2
  …..(2) 

 Now EKY, EK is interior angle of  EKY,  so EK = KEY + KYE 

  KYE = 180° – A –
 B

2
– (90–

A

2
) = 90°–

A

2
–

 B

2
=

C

2
 

 Now EY = EC =
C

2
  Point EYC is concyclic …..(3) 

 Now point ECD are also concyclic 
 {  EC = DC = 90°}   …..(4) 
 From (3) and (4) DEYC are concyclic  

 Now on circumcircle of DEYG, D is chord so YD = CD =
C

2
 

  In DXY   Y is  bisector of LXYD {XY =
C

2
=YD} 

 Similarly X is angle bisector of DXY  is in centre of DXY 

 Now XYB = XCB = 
C

2
  Point XYCB are concyclic 
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Hindi.  
 

 

 

A

X

B
D

C

Y 

I

E 

F

A/2 A/2

B/2
C/2

C/2

K

90 – A/2

90 – A/2

90 – A/2
90 – A/2

A/2

A/2

180 – A – B/2 (In  ABK)

180 – A – B/2 –90 + A/2 = 90 –A/2 – B/2 = C/2

 
jpuk : XB dks feyk;k] XD dks feyk;k] DY dks feyk;k- ekuk Y, ALdks  k ij izfrPNsn djrk gS ekuk A ,EF 

dks Lij izfrPNsn djrk gSA 

Proof :   AE esa, AE = A/2, AE = 90°   AE = 90° – A/2 

 ILE esa, LE = 90°, LE = 90° – 90° – A/2 LE = A/2 

 vc  KEY = 180° – EK – LE = 180° – 90° –
A

2
 ….(1) 

 ABK esa, AKB = 180° – BAK – ABK = 180° – A – 
 B

2
  …..(2) 

 vc EKY, EK EKY dk vkarfjd dks.k gS, blfy, EK = KEY + KYE  

  KYE = 180° – A –
 B

2
– (90–

A

2
) = 90°–

A

2
–

 B

2
=

C

2
 

 vc EY = EC =
C

2
  fcanq EYC le pØh; gSA …..(3) 

 vc fcanq ECD le pØh; gSA 

 {  EC = DC = 90°}   …..(4) 
  (3) vkSj (4) ls DEYC le pØh; gSA  

 vc DEYG ds ifjxr o`Ùk ij , D thok gSA blfy, YD = CD =
C

2
 

  DXY esa  Y , LXYD dk dks.k v)Zd gS {XY =
C

2
=YD} 

 blh izdkj  X DXY dk dks.k v)Zd gS DXY dk var%dsUnz gS 

 vc XYB = XCB = 
C

2
  fcanq XYCB le pØh; gSA 
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